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We use the recently-developed variational perturbation theory to continue the renormalization
constants of three-dimensional ¢'-theories to the regime of strong bare coupling go. In this limit,
they are found to behave like powers in go, which determine all critical exponents. Convergent
strong-coupling expansions are found for all renormalization group functions which converge well
even in the weak-coupling limit.

I. INTRODUCTION

Some time ago, the Feynman-Kleinert variational approximation to path integrals [1] has been extended to a
systematic variational perturbation expansion [2]. For an anharmonic oscillator, this expansion converges uniformly

and exponentially fast, like e ~constxN "* in the order N of the approximation [3,4]. The uniformity of the convergence

has permitted us to derive convergent strong-coupling expansions from divergent weak-coupling expansions [5,6]. The
finite convergence radius g5 of the strong-coupling expansion turned out to govern the speed of convergence of the
entire approach [7,8], the constant in the above exponential being directly related to gs.

Since convergent strong-coupling expansions can be obtained so easily from divergent weak-coupling expansions, is
was straight-forward to develop a simple algorithm for finding uniformly convergent optimal interpolations to functions
for which one knows both several weak-coupling as well as strong-coupling expansion coefficients [9].

The purpose of this paper is to point out that the same algorithm can be used to calculate the behavior of the
renormalization constants of three-dimensional ¢*-theories for all coupling strengths, from which we can extract the
limit of infinite bare coupling constant go. Since go always appears in the combination go/m, we thereby obtain
the zero-mass limit of the theory, which describes the critical behavior of wide classes of many-body systems related
to these field theories by universality of infrared behavior. Indeed, we find for the renormalization constants power
behaviors in the bare coupling constant, which in Wilson’s theory of critical behavior are derived only by an awkward
e-expansion in the dimension of the theory around the scale invariant dimension four.

II. REMINDER OF STRONG-COUPLING THEORY

Let us briefly recall the algorithm developed in [9], by which a divergent weak-coupling expansion of the type
En(go) = Z;V:O angd is turned into a strong-coupling expansion Ejps(go) = gg/q Zﬂm/‘fzo bm(gO_Q/q)m with a finite
convergence radius gs. Examples treated in [9] were the anharmonic oscillator with parameters p = 1/3, ¢ = 3 for the
energy eigenvalues, and the Frohlich polaron with p =1, ¢ = 1 for the ground-state energy and p =4, ¢ = 1 for the
mass. For the mass of the polaron, the summation gave quite a different results from Feynman’s, calling for further
studies of this system.

As described in detail in [3], the first step is to rewrite the weak-coupling expansion with the help of an auxiliary
scale parameter k as

En(go) = &7 ivj an (%)” (1)

n=0

where « is eventually set equal to 1. We shall see below that the quotient p/q parametrizes the leading power behavior
in go of the strong-coupling expansion, whereas 2/¢q characterizes the approach to the leading power behavior. In a
second step we replace k by the identical expression

*Email: kleinert@physik.fu-berlin.de =~ URL: http://www.physik.fu-berlin.de/ kleinert =~ Phone/Fax: 0049 30 8383034



k= VK2+k2—-K?2 (2)

containing a dummy scaling parameter K. The series (1) is then reexpanded in powers of go up to the order N,
thereby treating k2 — K2 as a quantity of order go. The result is most conveniently expressed in terms of dimensionless
parameters jo = go/ K7 and o (K )equiv(1—£2)/go, where & = k/K , and we have suppressed go and & in the arguments
of o(K). Then the replacement (2) amounts to

Kk — K(1—0go)'/?, (3)

so that the reexpanded series reads explicitly

W (g0, K szsn (90)". (4)
with the coefficients:

enlo) = no a ( 0= ai)/ 2) (—o). (5)

‘ n—j
]:

For any fixed go and &, we form the first and second derivatives of W (go, K) with respect to K, calculate the
K-values of the extrema and the turning points, and select the smallest of these as the optimal scaling parameter K.
The function Wy (g0) = Wn(go, Kn) constitutes the Nth variational approximation En(go) to the function E(go).

It is easy to take this approximation to the strong-coupling limit gg — co. For this we observe that (4) has the
scaling form

Wn(g0, K) = KPwn(go, &°). (6)

For dimensional reasons, the optimal K increases with go like Kn = gé/ “cxn, so that §o becomes asymptotically

constant, say go — ¢z, implying that remain finite in the strong-coupling limit o — 1/go = ¢?. The dimensionless
&2 tends to zero like 1/[cr(go/x%)*/9]?. Hence

Wn (g0, Kn) = gg/QC%wN(cX,q,O). (7)

In this limiting form, ¢y plays the role of the variational parameter to be determined by the optimal extremum or
turning point of cRwn(cy?,0).

The full strong-coupling expansion is obtained by expanding wx (jo, 2) in powers of &> = (go/k%Go)~2/4. The
result is

R R —2/q R —4/q
W (g0) = gg/q {bo(go) + b1(go) (%) + b2(o) (%) +.. ] (8)
with
. 1 . n—
budo) = ! (G0, 0)a5™" " ©)

where w](\?) (go, #2) is the nth derivatives of wx (go, #%?) with respect to &#2. Explicitly:

1 a - p—aj)/2\ (1-j :
G0 = Y () (1) (o (10)
=0 7j=0

The optimal expansion of the energy (8) is obtained by expanding

go = cp'’ {1+71 (g—o)_2/q+72 (%)_4/q+... ] ,

and finding the optimal extremum (or turning point) in the resulting polynomials of 1,72, ... . In this way we obtain

a systematic strong-coupling expansion in powers of (go/nq)qu



—2 —4
Wr(gn) = g%/q {bo + b (i_?) e + by (i—f) e + .. ] . (11)
In practice, the coefficients by are determined successively as follows: First we optimize by(gg) at g = ey’ yielding
bo = bo(cy”). At the same value of §p we calculate b; = by(cy?), and further coefficients b;(cy?), i = 2,3,... , and
their derivatives b(cy”), bY(cy”) ... . From these we determine the remaining optimized coefficients b; in the strong-
coupling expansion (11) by combining b;(cy?) as specified in Table I. This procedure will be applied to quantum field
theory in Section VI.

III. CONVERGENCE

The available number of weak-coupling coefficients is limited to N = 6 for three-dimensional ¢*-theories [10-12],
and to N = 5 for theories in 4 — e dimensions [13]. In either case it will be important to know the specific way in which
the approximations Wy (go) approach the correct result W, (go). This will permit us to extrapolate the results found
for N =1, 2, ... ,6to N — oo with some reliability. To do this, we must adapt the discussion for the harmonic
oscillator in Ref. [7] to the general case.

We remove the factor xP from the function E(gp), defining the reduced quantity E(go) = E(go)/kP as a function of

the reduced coupling constant go = go/x?. We further assume the strong-coupling growth gg/ ? of the function E(go)
to be less than linear, so that F(go) satisfies a once-subtracted dispersion relation
= - =1 13 (7!
— Jo dg(, disc E(g,
E(go) = ao + — ,—,0,,7(,0) (12)
2mi Jo 90 90— 90
where disc E(gop) is the discontinuity across the left-hand cut in the complex go-plane (from below to above). An
expansion of the integrand in powers of gy up to g3’ reproduces of course the initial perturbation series (1), where the
expansion coefficients are moment integrals over the discontinuity:

1 [ dgo ,. =,
ar = 5— g’ffl discE(go).- (13)
0

The dispersion relation (12) can also be used to derive moment integrals for the reexpansion coefficient g;(o) in (4),
(5). For the dimensionless coupling constant go, the replacement (3) becomes

_ Lo 9o
— =——. 14
Jo 90(9o) (1= 0go)?/? (14)
Because of the prefactor «” in (1), the replacement (2) also produces a prefactor K?/k? = (1 —ady)?/? to the function
E(go). For the reduced function E(gy) = E(go)/KP, which depends only on the reduced coupling constant §o, we
thus obtain a dispersion relation
” A go(go) [~ dgy disc E(gp)
E(go) = (1 - Ugo)p/2 {ao + —/ = - (15)
2ri Jo  Jo o — 90(9o)
This function satisfies a dispersion relation in the complex go-plane. If C' denotes the image of the left-hand cut in
original dispersion relation (12), as it arises from the mapping (14), and if discc E(go) denotes the discontinuity across
this cut, that dispersion relation reads
5 go [ dgy disccE(gp)
E = — —_— . 16
=3k 1o

An expansion of the integrand in powers of go yields moment integrals for the desired reexpansion coefficients e (o):

L[ 900 e Bgo). (17)

The discontinuity in these integrals can be derived from the dispersion relation (15). The function §o(go) in (14)
carries the left-hand cut in the complex go-plane over into several cuts in the go-plane. In Fig. 1 we show the image



cuts arising for ¢ = 3, where w = 2/3 (the case of the anharmonic oscillator discussed in [7]). They run along the
contours Cy, C7, Cz ,C3, Cs, the last being caused by the powers ¢/2 and p/2 of 1 — g go in the mapping (14) and
the prefactor in (15), respectively. Let D(go) abbreviate the reduced discontinuity in the original dispersion relation
(12):

Then the discontinuities across the various cuts are

CdiSC E(go) = (1 = 0g0)”*D(go(1 — 7o) /), (19)
1,1,2,3
. . > dgy  go(ogo — 1)~/
disc E(jo) = —2i(ogo — 1)/? —/ -0
i 2 = —iloin = 17" x oo [ PRI

D(_g(l)) . (20)
For small negative go, the discontinuity is given by a standard semiclassical approximation with the typical form [14]:
D(§o) ~ —i const x gge/%. -

The exponential plays the role of a Boltzmann factor for the activation of a classical solution to the field equations,
wheras the prefactor accounts for the entropy of the field fluctuations around this solution.

Let us denote by £¢(C;) the contributions of the different cuts to the integral (17). After inserting (21) into (19),
we obtain from the cut along C the semiclassical approximation

dgo 1
er(C1) ~ const X / il

(1 _ o_go)p/Q—bq/Qgg ea(l—a'ﬁo)q/Z/gO_ (22)
e} 27T

For the kth term of the series Sy = €4 g%, this yields a large-k estimate

d
S, o l/ lefk(v)] ~k, (23)
c, 2
where v = 0§o, and fi () is the function
ao ao
fr(v) = —klog(—v) + 7(1 - 7)"/27(1 N7+ (b=1)log(=7) + ... (24)
For large k, the saddle point approximation yields via the extremum at fykj) Y = —ao[k:
fe — klog(k/eaa)—aqa/2+(b—1)logg+... ) (25)
k—o00 k

The constant —ago /2 in this limiting expression arises when expanding the second term of Eq. (24) into a Taylor
series, (ao/v)(1 —7)9? = ao/yx — aqo/2 + ... . Only the first two terms in (25) contribute to the large-k limit.
Thus, to leading order in &, the kth term of the reexpanded series becomes

_3\F 7o\
—aqo /2 g )
Sk x e ( . > <4> . (26)

The corresponding reexpansion coefficients
e o e /2 E, (27)

have the remarkable property of growing in precisely the same manner with k& as the initial expansion coefficients Ej,
except for an overall suppression factor e~ %97/, as discussed in Ref. [3].

To estimate the convergence of the variational perturbation expansion (4), we note that og = 1 — &2 is for large K
smaller than unity, so that the powers (0§)*¥ by themselves would yield a convergent series. An optimal reexpansion
of the reduced function E(go) can be achieved by choosing, for a given large maximal order N of the expansion, a
parameter o proportional to N:

ooy =cN. (28)



Inserting this into (24), we obtain for large k = N

ac
fn() & N {— log(—) + (1. - 7)‘”2] | (20)
The extremum of this function lies at
ac .. ya/2-1 q —
L+ (1) [1+(2 1)7] 0. (30)

The constant ¢ may be chosen in such a way that the large exponent proportional to IV in the exponential function
efN () due to the first term in (29) is canceled by an equally large contribution from the second term, i.e., we require
at the extremum

fn(v) =0. (31)

The two equations (30) and (31) are solved by certain constant values of v < 0 and ¢. In contrast to the extremal

of Eq. (24) which dominates the large-k limit, the extremal 7 in the present limit, in which % is also large but of the

same size as N, remains finite (the previous estimate held for k > N). Accordingly, the second term (ac/v)(1 —~)/?

in fn(v) contributes in full, not merely via the first two Taylor expansion terms of (1 —v)%/2, as it did in (25).
Since fn(7) vanishes at the extremum, the Nth term in the reexpansion has the order of magnitude

. 1\"
SN (Ch) o (ongo)N = <1 - F) : (32)

N

According to (28), the scale parameter K grows for large N like

Ky ~aN%g/" ~ (cNgo)'/?. (33)

As a consequence, the last term of the series decreases for large N like

1 N —N/(c )2/q ,N1—2/q/(c )Z/q
SN(C1) o 1= —— | me N9 e 90)™" (34)
(ongo)?/1

This estimate does not yet explain the exponentially fast convergence of the variational perturbation expansion
in the strong-coupling limit, observed in [6]. For the contribution of the cut C; to Sy, the derivation of such a
behavior requires including the approach of o to the large-N behavior (28), which has the same general form as the
strong-coupling expansion (8),

¢
G'NNCN<1+W+...>, (35)

as it turns out with positive ¢/. By inserting this on into fy(y) of (29), we find an extra exponential factor which
dominates the large-N behavior for at infinite coupling go:

/!
AN & oxp {—Nlog(—v)ﬁ] N (36)

What about the contributions of the other cuts? For Ci, the integral in (17) runs from § = —2/0 to —oco and
decrease like (—2/0)*. The associated last term Sy(Ct) is of the negligible order e~ V16N For the cuts Cy 5 3, the
integral (17) starts at § = 1/0 and has therefore the leading behavior

ek(Ca3,3) ~ ", (37)
yielding at first a contribution to the Nth term in the reexpansion of the order of
Sn(Ca53) ~ (a9), (38)

which decreases merely like (34) and does not explain the empirically observed convergence in the strong-coupling
limit. The important additional information discovered in [7,8] is that the cuts in Fig. 1 do not really reach the point

0§ = 1. There exists a small circle of radius Ag > 0 in which E(g) has no singularities at all. This is a consequence



of the fact unused up to this point that the strong-coupling expansion (8) converges for go > gs. For the reduced
function E(go), this expansion reads:

—2/q —4/q

E(ﬁ)=(ﬁo)p/q{b0+b1 [L] +b2{(1§7‘)} +}

(1—0go)?/? —0go)?/?
(39)

The convergence of (8) for go > gs implies that (39) converges for all oy in a neighborhood of the point oo = 1 with
a radius

5 12/q
Qo) (40)

gs

A(ogo) =

where g5 = gs/k9. For large N, the denominator K? in gy on the right-hand side makes A(ogo) go to zero like

1

A(700) ™ (NG

(41)

Thus the integration contours of the moment integrals (17) for the contributions e (C;) of the other cuts do not begin
at the point 0g = 1, but a little distance A(c§g) away from it. If ¢ < 4, i.e. if w > 1/2, the intersection points of the
small circle with the cuts Cs and C5 have a real part larger than unity. This produces a suppression factor to the
previous result (37) of the integral (17)

(0g0) " ~ [L+ Alogo)] ™. (42)

bringing the last term of the series Sy to

1

Sx(Co23) ~ (700) T R

(43)

instead of (38). Inserting (41), we find that this goes to zero with the same characteristic behavior (36) as the
contribution from the cut C:

SN(CZQ’B) ~ e_CI”Nliu, C”I > 0. (44)
Such a behavior characterizes therefore the convergence for N — 0o, which will be needed in Section VI to extrapolate

finite-V results to N — oo.

IV. ADAPTATION TO THE PROBLEM AT HAND

In the examples treated in the original paper [9], the strong-coupling parameters p and ¢ were known. In the
problem here, this is not be the case. They can, however, be easily determined. We simply observe that p/q and 2/q
can be found from the strong-coupling limits of an infinite set of logarithmic derivatives of W (go):

p dlog Wi (go) Wi (90)

P Fi(0), Fi(g) = —2 N _ T NAI0) 45

B (c0) 1(90) 108 0o 9 (o) (45)
2 dlog FY(go) Fi'(g0)
q 2(00) 2(s0) dlog go 7 Fi(g0)”’ (46)
2 dlog F5(go) Fy'(g0)

If the parameter p happens to be zero, there is a further sequence of formulas for the parameter ¢:



2 dlog Wy (g0) Wi (g0)

-2 -1=Gi(x0), G = = 48
q 1(e0) (@) dlog go O Wieg0)’ “3)
2 dlog G (go) G" (90)

—_— = 1 - G o0 y G = e ) 49
q 2(cc) 2(90) dlog go G (90) (49)
2 dlog G (go) G" (90)

—— —1=G3(0), G = = , 50
q () (40) dlog go G5(90) (50)

Formulas (45) and (48) will be crucial to the development in Section VI.

V. PERTURBATION EXPANSIONS

We shall apply our technique to the renormalization constants of the ¢*-theory with the bare euclidean action

A= [[a® {3 oGl + o) + B [} 51)

in D = 3 dimension. The field ¢o(z) is an n-dimensional vector, and the action is O(n)-symmetric in this vector
space. The Ising model corresponds to n = 1, the critical behavior of percolation is described by n = 0, superfluid
phase transitions by n = 2, and classical Heisenberg magnetic systems by n = 3.

By calculating the Feynman diagrams up to six loops, one obtains renormalized values of mass, coupling constant,
and field related to the bare input quantities by renormalization constants Zg, Zp,, Z,:

my =m® ZnZyt,  X=AZ,Z.%  do=0 2, (52)

The divergences are removed by analytic regularization [15]. In the literature, one finds expansions for certain
logarithmic derivatives of the renormalization factors (the so-called renormalization group functions) up to six loops.
Introducing the reduced dimensionless coupling constants g = g/m and go = go/m, these can be written as

o0 =0 g = { Loz} = () 53)
) = Bla) 3 0w Zs = Bla) 310z 22, (54)
i (9) = =Bl0) 45 108123,/ Z6] = ~B(@) 7 og 5. (55)

The function 3(g) may be considered as a function of the reduced bare coupling constant go. As such it is equal to
the logarithmic derivative of the function g = g(go):

d g(go)
dlog go

B(go) = — = —504"(J0)- (56)

The function w(g) may then be obtained from the function § = §(go) by the logarithmic derivative

dlog 3(go) _ _ dlog[g0g'(g0)] = —1-g 9" (o)
dlog go dlog go §'(90)

w(go) (57)

Comparison with Eq. (48) shows that if g(go) goes to a constant g* in the strong-coupling limit gy — oo, the limiting
value w = w(oo) plays the role of a parameter of approach 2/q of the strong-coupling expansion of the function g(go)-
Similarly we convert Eqgs. (54) and (55) into functions of the bare coupling constant go:

d 2 d m?
log — m(Jo) = — log —. 98

n(go) =

If 1(go) and 71,,(go) have finite strong-coupling limits n = n(co) and 7, = 1m(00), these equations imply the strong-
coupling behavior



¢* U —
o — & . 59
¢(2) gOa m% gO ( )

By replacing the reduced coupling constant gy by go/m, this implies the small-mass behavior at a fixed bare coupling
go:

2 m2
— =const xm™"7,  —5 = const x m"™. (60)
[ m

0 0

In the field-theoretic description of second-order phase transitions, the bare square mass m3 vanishes near the critical
temperature like 7 o< (T — T¢). For the renormalized mass m, we obtain from the second equation in (60) the scaling
relation m o 7!/(2=7)_ Experiments observe that the coherence length of fluctuations ¢ = 1 /m increases near T,
like 777, so that we derive for the critical exponent v a value 1/(2 — 7,;,). Similarly we see from the first equation
in (60) that the scaling dimension D/2 — 1 of the bare field ¢g for T — T, is changed, in the strong-coupling limit
go — o0, to D/2 — 1 4+ /2, the number n being the so-called anomalous dimension of the field. This implies a
change in the large-distance behavior of the correlation functions (¢(x)$(0)) at T, from the free-field behavior »~P+2
to r~P*+2-1_ The magnetic susceptibility is determined by the integrated correlation function (@o(x)¢o(0)). At zero
coupling constant go, this is proportional to 1/m32 oc 771, which is changed by fluctuations to m=2¢2/¢>. This has
a temperature behavior m~(~" = r=v(2=" = 777 which defines the critical exponent v = (2 — 1) observable in
magnetic experiments.
The following expansions are available in the literature [10-12]:
w(g) = —1+2g (8 +n) — 3g° (760/27 + 164n/27) + 4g° (199.640417 + 54.94037698n + 1.34894276112)
+5g* (—1832.206732 — 602.5212305n — 35.82020378n° + 0.15564589n3)
+6g° (20770.17697 + 7819.564764n + 668.5543368n” + 3.2378762n> + 0.05123618n4)
+7g% (—271300.0372 — 114181.4357n — 12669.22119n” — 265.8357032n° + 1.07179839n" + 0.02342417n°)
n(g) = g° (16/27 + 8n/27) + g° (0.3949440224 + 0.246840014n + 0.0246840014n°)
+g* (6.512109933 + 4.609221057n + 0.6679859202n% — 0.0042985626n3) (61)
+g° (—21.64720643 — 15.1880934n — 1.891139282n2 4 0.1324510614n° — 0.0065509222n4)
+g° (369.7130739 + 300.7208933n + 64.07744656n° + 3.054030987n° — 0.0203994485n* — 0.0055489202n5)
Nm(9) = (24 n) — g° (92/27 + 46n/27) + g* (18.707787762 + 12.625201157n + 1.6356536385n°)
+g* (—134.28726152 — 98.33833174n — 15.117303198n2 + 0.2400236453n3)
+g° (1318.4281763 + 1046.8184247n + 209.71327323n% 4 8.143135609n> + 0.0937915707n4)
+g° (—15281.544489 — 12918.644832n — 2980.2279474n> — 164.6575873n> + 3.0931477063n" + 0.0495801299n°) .
Here and in the subsequent set of perturbative expansions, we save space by omitting in each term g” a denominator
(n+8)".
By integrating (53), we see that w(g) implies the relation between bare and renormalized coupling constant:
go=g[1+7 (8+n)+7g* (1348/27+ 350n/27 + n?)
+g° (315.8307562667 + 120.7825947383n + 17.3632278267n° + n3)
+7" (1813.1642655362 + 949.9400421368n + 203.4347168377n” + 21.5210551192n° + n*)
+3° (11664.58684418 + 7259.6266136476n + 1965.0940131759n% + 298.9857773851n> + 25.5436671032n" + n5)
+g° (57253.8939657167 + 47753.8060061961n + 16981.2530394653n” + 3357.7450242179n°
+407.679442164n" + 29.4800395765n° + n%) . (62)

This can be inverted to
G=7go[1— 3o (8+n)+ gy (2108/27 + 514n/27 + n?)
+35 (—878.7937193 — 312.63444671n — 32.54841303n> — n?)

+g¢ (11068.06183 + 5100.403285n + 786.3665699n° + 48.21386744n> + n?)
+75 (—153102.85023 — 85611.91996n — 17317.702545n — 1585.1141894n° — 65.82036203n* — n”)



+7o (2297647.148 + 1495703.313 n + 371103.0896n" + 44914.04818n
+2797.291579n* + 85.21310501n° + n°) , ]. (63)

where we suppress a denominator (n + 8)™ in each term gjy. Inserting this into the functions (61), they become

w(go) = —1+2go (8 +n) — g5 (1912/9 + 452n/9 + 2n?)

+33 (3398.857964 + 1140.946693n + 95.9142896n + 2n°)

+3a (—60977.50127 — 26020.14956n — 3352.610678n — 151.1725764n° — 2n*)

+g3 (1189133.101 4 607809.9987 + 104619.0281n + 7450.143951n® + 214.8857494n* + 21%)
+5 (—24790569.76 — 14625241.87n — 3119527.967n’

— 304229.0255n° — 14062.53135n" — 286.3003674n° — 2n°) , (64)
n(g) = g5 (16/27 + 8n/27) + g5 (—9.086537459 — 5.679085912n — 0.5679085912n7)
+35 (127.4916153 + 94.77320534n + 17.1347755n7 + 0.8105383221n°)
+7q (—1843.49199 — 1576.46676n — 395.2678358n” — 36.00660242n> — 1.026437849n") (65)
+g5 (28108.60398 + 26995.87962n + 8461.481806n> + 1116.246863n° + 62.8879068n" + 1.218861532n°)

mm(9) = go (24 n) — g5 (—523/27 — 316n/27 — n?)
+35 (229.3744544 + 162.8474234n + 26.08009809n> + n?)
+g§ (—3090.996037 — 2520.848751n — 572.3282893n” — 44.32646141n° — n*)
go (45970.71839 + 42170.32707n + 12152.70675n” + 1408.064008n” + 65.97630108n" + n?)

+gg (—740843.1985 — 751333.064n — 258945.0037n2 — 39575.57037n° — 2842.8966n* — 90.7145582n° — nﬁ) .

Let us also write down a power series expansion for the function y(go) = [2 — 1(g0))/[2 — 7m(g0)] which tends to the
critical exponent v of susceptibility. In resummation procedures applied to functions of the renormalized coupling
constant g, this series has always been favored over that for n(g) since, in contrast to 7(g), its expansion coeflicients
of v(g) have alternating signs permitting application of Padé-Borel resummation techniques [16]. For v(go), the series
reads:

Y(g) =1+go 2+n)/2+ g2 (-9 —5n—n?/4)
+g5 (100.5267922 + 64.05955095n + 7.148077413n° + 0.125n°)

+3 (—1306.696473 — 953.5355208n — 165.6165894n> — 7.886473674n° — 0.0625n")
+7q (19047.24345 + 15717.20743n + 3667.58258n> + 300.9668324n° + 7.848484825n" + 0.03125n°)
+35 (—304324.882 — 279842.9929n — 81107.12259n” — 9519.124419n° — 457.7147389n"

— 7.463312096n° — 0.015625n°) (66)

VI. FROM WEAK TO STRONG COUPLINGS

We are now ready to apply our theory of Sections II-IV to these expansions. First we study the gg — oo -limit of
the series (63) for the renormalized reduced coupling constant g. We expect the theory to reproduce experimentally
observed scaling laws which means that §(go) should tend to some constant value: §(go) — g* for go — oo. In the
notation of (8), the parameter p/q for the leading power behavior in gy must therefore be equal to zero.

The approach parameter 2/¢ is unknown. It can, however, be determined from Eq. (48). Inserting for Wi (go) the
function g(go), we calculate the critical exponent w = 2/q for O(n)-symmetric theories with n =0, 1, 2, 3, .... The
highest, available approximation wg is found to yield the values given in the last column of Table II.

Since N is not very large, the results require extrapolation to infinite N. The functional form of the N-dependence
was determined in (44), predicting the large- N behavior

wy ~w—be N, (67)

In Fig. 2 we illustrate how the successive approximations ws—wg are fitted by this asymptotic curve for O(n)-theories
with » = 0 (percolation), n = 1, (Ising), n = 2 (superfluid Helium), n = 3 (classical Heisenberg model). The



extrapolated N — oo -values obtained by such fits are shown in the second-last column of Table II. They are
plotted in the first of Figs. 3, together with the sixth-order approximation to show the significance of the N — oo -
extrapolation. Our numbers merge smoothly with the 1/n-expansion curve which has been calculated only recently

to order 1/n? [17]:
8 1 104 9 8 1\
—1-8 > gy 2 _Zp2) (2 -3),
w 837r2n+ <3 271') (37r2n> +O0(n™7) (68)

To judge the internal consistency of our procedure, we calculate w once more from the series (48) for w = 2/q.
Since w appears also on the right-hand side of the series via the parameter g, this represents a self-consistency relation
which can be iterated until input and output values for w agree. The results are shown in Fig. 4 for increasing orders
N =2, 3,4, 5, 6, in the Ising case n = 1. The data points are again fitted with the functional behavior (67), using
the same extrapolated w(oo)-values as in the previous fits.

The critical exponents w can also be calculated from the expansions for v and v in this self-consistent way, as shown
in Fig. 5.

Note that the agreement between the self-consist w-values with the previous ones determined from the p = 0 -
condition can be considered as a confirmation of the hypothesis that the thery does indeed have a definite strong-
coupling limit in which g(go) tends to a constant g* (an infrared-stable fized point in the language of the renormalization
group). It also implies all other scaling properties to be derived in the sequel.

Proceeding to other critical exponents, we now take the function v~ (go) = 2 — 1nm(go0) to the strong-coupling limit,
to determine v = v(o00). The extrapolations to large N are done with the help of the approximations vs, vs,...,vs,
as illustrated in Figs. 6. The resulting critical exponents are plotted against n in the second of Figs. 3, and listed in
Table II. The points are seen to merge well with those of the 1/n -expansion for v [18]:

8 1 56 9 8 1\2
—1-d——+ (2 —r) (5 ).
v 37r2n+<3 27r><37r2n> +0(™)

The function v(go) is treated somewhat differently. Since 7 serves to determine the critical exponent 7 via the
scaling relation n = 2 — /v, and since this combination is very sensitive to small errors in 7 (and in v), we proceed
as follows: After applying our method to the v-series and calculating the approximations vz, 7s,...,7, We go over
to 72, M3,...,Me via the scaling relation ny = 2 — yn /v, and perform the extrapolation N — co on these n-values, as
illustrated in Figs. 7. In this way we obtain the smooth n-curves shown in the fourth of Figs. 3 and listed in Table II.
The values of the highest approximation ng in the parentheses of Table II are obtained from a direct variational
treatment of the perturbation expansion for 7. These are closer to the final n-values than the approximations of
N = 2 — /v used for the exprapolation, which are indicated in the parenthesis on top of Figs. 7. Still, we have
used the latter for extrapolation since there are five of them to be fitted with the asymtotic curve (67), while the
n-expansion which has no linear term in gg provides us only with four values, making a fit less reliable.

The extrapolated n-values are inserted into the scaling relation v = v(2 — 1) to derive the extrapolated ~y-values
plotted in the third of Figs. 3 and listed in Table IT. A direct extrapolation N — oo of the variational approximations
yn to the y-expansion turn out to be fully compatible with the previous results, as illustrated in Fig. 8.

For large n, our critical exponents n are in excellent agreement with the 1/n -expansion, which is known up to
order 1/n3 [19]:

81 28/ 8 1\%> [653 47 189 8 1\° -

where ((z) is Riemann’s zeta function. Note that for 7, the finite-N corrections are very small. In fact, from the
ne-values near n = 1000 we can extract numerically a 1/n-expansion

1 1
n =~ 0.303—-0.104 —, (70)
n n
which agrees reasonably well with the exact expansion
1 1
n = 0270— —0.195—. (71)
n n
It is worth pointing out that we may apply our strong-coupling theory also to 1/n -expansions for n, to find

expressions valid for all n down to n = 0 by treating 1/n just like the variable go in Section II. Taking the 1/n -
expansion as an example, we derive a smooth fit from large to rather small n by adding another term —104/n* to
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(69) before going through the resummation. The extra term improves the fit. Since n starts out linearly at the
”strong-coupling” value 1/n = oo, the prameters p and ¢ are 0 and 2. The resulting curve is shown in the fourth of
Figs. 3. It fits all data, except for very small n. The figure shows also successive approximations provided by the
1/n-expansion.

Also v merges well with its 1/n-expansion

8 1
32 n

7:2—93;:2%+(44—97r2) ( ) +0(n™?), (72)

as seen in the third of Figs. 3.

Finally, we exhibit the full power of our theory by plotting for the example of the Ising case n = 1 the functions w(go),
v(go), 1n(go) for all coupling strengths in Figs 9-12, together with the diverging perturbative approximations as well
as the convergent strong-coupling expansion. We do this successively for each increasing order of the approximations.
On a logarithmic plot, the quality of these very different approximations looks surprisingly similar.

Although the functions g(go), w(go), ¥(Jo), n(go) in Figs. 9-12 were derived by a numerical variational procedure,
it is possible to write the results down in the form of new strong-coupling expansions which converge for all coupling
strengths. We shall demonstrate this only for the Ising case n = 1, where w = 0.805. Consider first the function g(go)
with the sixth-order strong-coupling expansion (8) (whose go-dependence is displayed in Fig. 9):

g = 1.400036164909792 — 2.015076019427151 /g8 + 2.512390732560552/52° — 2.903034628806387 /g~
+3.123423917471507/g4% — 3.108796470872297 /g5 + 2.844130229268904 /55 — 2.38207097645026 /5.  (73)

For gy — o0, this goes against the fixed point g* = 1.400036164909792, the critical coupling constant. The important
observation is now that by changing variables to z = z(go) defined by

go= (1 —x)/z'/*, (74)
and reexpanding up to the order 2%, we obtain a new modified strong-coupling expansion

g(x) = 1.400036164909792 — 2.015076019427151z + 0.8902545369216962% — 0.3220634659479661>
+0.02243448556302718z* + 0.027535038400165582° + 0.0044401335928814242°% — 0.0050524666077134132". (75)

Numerically, this converges for all go € (0,00) where € (1,0). Indeed, when plotting this function in Fig. 9, it
falls right on top of the previously calculated curve representing the full variational expression (4). To verify the
convergence for small couplings, we insert = 1 and obtain 0.0025, which misses only slightly the free-field value 0.

Similarly we obtain a strong-coupling expansion of the critical exponent v(gg). In accordance with the above
determination of v from a resummation of the series for the inverse v=1(go) = 2 — 1 (go) we first derive the strong-
coupling expansion for the inverse, and invert the resulting power series. The result is

v(go) = 0.6264612502473953 — 0.2094930499887895/g¢ + 0.3174116223980956/72% — 0.4674929704457459 /g~
+0.6755577434122434/52% — 0.961768075384486/75% + 1.35507538545696 /55~ (76)

Changing again to the variable z = z(go), and reexpanding up to the order 2%, we obtain the convergent series

v(r) = 0.6264612502473953 — 0.2094930499887895x + 0.14876971715712012 — 0.10865957786479232>
40.071153545311504362* — 0.047100707287118052° 4 0.03160534261017432°. (77)

A plot in Fig. 11 is once more indistinguishable from the previous curve for all go. At 2 = 1, this series gives now
0.5127 which is only two percent larger than the free-field value 1/2.

By inverting the series (75), we find z as a function of the deviation Ag = g — g* of the renormalized coupling from
its strong-coupling value g*:

z(g) =—0.4962591933798516Ag + 0.1088027548080915A 5% —0.02817579418977608 A g + 0.005412315522686147Ag*
4+0.00005845448187202598A3° —0.0006265703321966366 A g° + 0.0002698406382563225A4". (78)

After inserting this into (77), we obtain the critical exponent v as a power series in:

v(§) = 0.6264612502473953 + 0.1039628520061216A7 + 0.01384457142352891 A3 + 0.003117046054051534A 5
+0.0003684746290205897AG* + 8.64736629778199 x 10 °Ag° — 7.632599338747235 x 10 Ag°. (79)
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In the weak-coupling limit, this is equal to 0.50039 rather than the exact 1/2.
We now turn to v(go), for which the initial strong-coupling expansion (8) reads

v(5o) = 1.400036164909792 — 2.015076019427151 /7% + 2.512390732560552/72 — 2.903034628806387/75*
+3.123423917471507 /54 — 3.108796470872297 /75 + 2.844130229268904/75 — 2.38207097645026/75<, (80)

which goes over into the following convergent new strong-coupling expansions in the variables  and Ag:

v(z) = 1.234453309456454 — 0.3495068067938822x + 0.17544493640060561>
—0.07496457184890283*

+0.015532886257460192* — 0.00075590946047898742° — 0.000054903598052158392° (81)
v(g) = 1.234453309456454 + 0.1734459660202996A g + 0.005180080229495593A 5% 4 0.00006337529084873493A 5
+7.604216767658758 * 10~ 6Ag* + 0.00003970285111914907A g% — 0.00006597501217820878A g° (82)

Combining these with (76), (77), and (79), we derive from the scaling relation n = 2—+/v the corresponding expansions
for n:

1n(g0) = 0.02948177725444778 — 0.101048653404458 /5 + 0.2354470919307273/55 — 0.452249390223013 /75

+0.7620101849621524/74 — 1.160617256113553 /50 + 1.627651002530155 /75, (83)
n(z) = 0.02948177725444778 — 0.101048653404458z + 0.154102925940138822 — 0.14659268202104762°

+0.09587276240554832* — 0.041868406824530812° + 0.012205977047673962°, (84)
() = 0.02048177725444778 + 0.05014632323061653A7 + 0.02695704683941055A 5> + 0.004121619548050133A5°

—0.00038235521822759A 3" + 0.00001736700551847262A5" + 0.0000435880986255714A5". (85)

The weak-coupling limits of these expansions are v(xz = 0) = 1.00015, v(g = 0) = 1.00092 rather than the exact 1,
and n(z = 0) = 0.0025, n(g = 0) = 0.00043 rather than the exact 0. The expansions for n(z) converge rather slowly,
so it is preferable to do calculations involving 1 by replacing it by n = 2 — /v and using the expansions for v and v
without reexpanding the ratio «v/v. Then the plots of the convergent expansion for v(z) and of n(z) are found once
more to be very close to the plots of the corresponding full sixth-order approximations in Figs. 11 and 12.

It is now easy to give convergent expansions for the full mg dependence of the renormalization factors. From (58)

we see that
¢? [/‘” dgo } Ul da’ n(w’)}
5 = exp — g = exp - ) 86
7 o 7" . o @) (56)
m? [ /ﬁo dg(l) ' ] m’ |: /1 dz' nm (wl):|
—5 =exp |[— —m(9y)| = —-exp |— — . 87
m3 A . @ @) &7
where we have introduced the function
dlogz 11—z
=- = . 88
f(@) dlog go Y12 (1—-w)z (88)
After a subtraction of the logarithmic divergence of the integrals at x = 0, these can be rewritten as
2 2
O grfee @ T e In(e), (89)
oH my

where I(z) and I,,,(z) are the finite integrals

1 ! ! 1 ' !
dz' [n(') 1 / dz' [nm(z')  1m
I(z) = — - = I, (z) = — -—.
o= 52 D= ey T )
The integral I,,,(z) can readily be performed using a power series for 1,,, (z) obtained from (77) via g, (z) = 2—v~'(z).
The result is

In(z) = 0.3023858220717581 — 0.3374211153180052x + 0.052577917585571472 — 0.02006073290035280°
40.002720917209250741z* — 0.00014549534251507622° — 0.000057313305707241535. (91)
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By combining the second equation in (89) with (74) written as

m2

— =221 —1)?, (92)
90

we find

m(Q) 1/vw -2 I, (z)

— = (1—xz) e ™), (93)
90

In the weak-coupling limit x — 1, the integral vanishes and the renormalized mass approaches the bare mass. In

the strong-coupling limit z — 0, on the other hand, I,,,(z) becomes a constant and we obtain once more the scaling

relation m o (m2)”. To study the crossover from the weak to the strong-coupling behavior in a way which makes

contact with critical phenomena, we introduce the Ginzburg temperature interval ATg within which fluctuations are

important. and set

=T (94)

A doubly logarithmic plot of the inverse square coherence length €2 o m?/gg in Fig. 13 shows then the slope changes
from the free-field value 1 at large temperatures to 2v near the critical temperature T¢.. Similar crossover plots exist
for all observable quantities in this field theory.

Finally, we use the series (75) for g(z) to calculate the beta-function which plays an important role in the renor-
malization group approach to scaling (in contrast to our explicit theory). By definition, we obtain it as a function of
x from the logarithmic derivative of g(go) [compare (53)]

B(z) = —goéo = f(x) 7 (2), (95)
the result being

B(z) = —1.6221361956388562 + 2.739129441933212 — 1.6769628335312922° 4 0.52301456123868342*
+0.14057732548926222° — 0.061970105836643052° — 0.06200066522622774". (96)

The convergence of this strong-coupling expansion is seen by going to the weak-coupling limit z = 1 where (1) =
—0.0046 rather than the exact value 0. Expressing = as a function of g via (78), we obtain

B(g) = 0.805A7 + 0.4980812505494033A g — 0.04513957559397346A g% — 0.002836436593862963A "
4+0.000811067947065738A3° + 0.002150487674009535A3° — 0.002024061592617085A g7 (97)

which is plotted in Fig. 14. From this we can derive the function w(g) by a simple derivative with respect to g.

w(§) = 0.805 + 0.996162501098807AF — 0.1354187267819204A 52 — 0.01134574637545185A5° (98)
+0.004055339735328691Ag* + 0.01290202604405721Ag° — 0.01416843114831959A

At g = g*, it has the value 0.805, as it should. In the weak-coupling limit g = 0, it is equal to —.984, very close to
the exact value —1.
As a check for the consistent accuracy of our expansion procedures we calculate w once more from
go dB(g)

=BG 4 TP

After expressing z in terms of Ag we obtain a series with coefficients very close to those in (99), with only a slightly
worse weak-coupling limit —1.08 rather than —1.

B (). (99)
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VII. CONCLUSION

Variational strong-coupling theory proves to be a powerful tool for deriving the correct strong-coupling behavior
and critical exponents of ¢*-theories in three dimensions. In a forthcoming work we shall find even more accurate
results by taking into account information on the large-order behavior of all perturbation expansions involved. This
can be done following the strategy developed for simple quantum mechanical systems in Ref. [20].

Acknowledgment

The author thanks Dr. J.A. Gracey for several useful communications on the large-n limits of the critical expo-
nents, in particular for pointing out Refs. [17] and [19]. He is also grateful to Dr. Verena Schulte-Frohlinde for a
critical reading of the manuscript.

While this paper was in the publishing process with Phys. Rev. D, the author received a preprint by A. Pelissetto and
E. Vicari (University of Pisa preprint IFUP-TH 52/97) on the renormalization in O(N) models via 1/N expansions
containing interesting analyticity observations which should lead to futher improvements of the theory.

[1] R.P Feynman and H. Kleinert, Phys. Rev. A34, 5080 (1986). A similar approach has been pursued independently by
R. Giachetti and V. Tognetti, Phys. Rev. Lett. 55, 912 (1985); Int. J. Magn. Mater. 54-57, 861 (1986); R. Giachetti,
V. Tognetti, and R. Vaia, Phys. Rev. B33, 7647 (1986).
[2] H. Kleinert, Phys. Lett. A173, 332 (1993).
[3] H. Kleinert, Path Integrals in Quantum Mechanics, Statistics and Polymer Physics, World Scientific, Singapore 1995.
[4] Very similar expansions have been proposed and investigated by
R. Seznec and J. Zinn-Justin, J. Math. Phys. 20, 1398 (1979); T. Barnes and G.I. Ghandour, Phys. Rev. D22, 924 (1980);
B.S. Shaverdyan and A.G. Usherveridze, Phys. Lett. B123, 316 (1983); P.M. Stevenson, Phys. Rev. D30, 1712 (1985);
D32, 1389 (1985); P.M. Stevenson and R. Tarrach, Phys. Lett. B176, 436 (1986); A. Okopinska, Phys. Rev. D35, 1835
(1987); D36, 2415 (1987); W. Namgung, P.M. Stevenson, and J.F. Reed, Z. Phys. C45, 47 (1989); U. Ritschel, Phys. Lett.
B227, 44 (1989); Z. Phys. C51, 469 (1991); M.H. Thoma, Z. Phys. C44, 343 (1991); I. Stancu and P.M. Stevenson, Phys.
Rev. D42, 2710 (1991); R. Tarrach, Phys. Lett. B262, 294 (1991); H. Haugerud and F. Raunda, Phys. Rev. D43, 2736
(1991); A.N. Sissakian, L.L. Solivtosv, and O.Y. Sheychenko, Phys. Lett. B313, 367 (1993); A. Duncan and H.F. Jones,
Phys. Rev. D47, 2560 (1993);
[6] W. Janke and H. Kleinert, Phys. Lett. A199, 287 (1995).
[6] W. Janke and H. Kleinert, Phys. Rev. Lett. 75, 2787 (1995). (quant-ph/9502019).
That paper contains references to earlier less accurate calculations of strong-coupling expansion coefficients from weak-
coupling perturbation theory, in particular
F.M. Ferndndez and R. Guardiola, J. Phys. A26, 7169 (1993); F.M. Ferndndez, Phys. Lett. A166, 173 (1992); R. Guardiola,
M.A. Solis, and J. Ros, Nuovo Cimento B107, 713 (1992). A.V. Turbiner and A.G. Ushveridze, J. Math. Phys. 29, 2053
(1988); B. Bonnier, M. Hontebeyrie, and E.H. Ticembal, J. Math. Phys. 26, 3048 (1985); Those works did not extract the
exponential law of convergence from their data.
[7] H. Kleinert and W. Janke, Phys. Lett. A206, 283 (1995) (quant-ph/9509005).
[8] A convergence proof which is completely equivalent our results in [7] was given by
R. Guida, K. Konishi, and H. Suzuki, Annals Phys. 249, 109 (1996) (hep-th/9505084).
Predecessors of these works which did not explain the exponentially fast convergence in the strong-couplings limit observed
in Ref. [6] are
LR.C. Buckley, A. Duncan, and H.F. Jones, Phys. Rev. D47, 2554 (1993); C.M. Bender, A. Duncan, and H.F. Jones,
Phys. Rev. D49, 4219 (1994); A. Duncan and H.F. Jones, Phys. Rev. D47, 2560 (1993); C. Arvanitis, H.F. Jones, and
C.S. Parker, Phys. Rev. D52, 3704 (1995) (hep-th/9502386); R. Guida, K. Konishi, and H. Suzuki, Annals Phys. 241, 152
(1995) (hep-th/9407027).
[9] H. Kleinert, Phys. Lett. A207, 133 (1995) (quant-ph/9507005).
[10] B.G. Nickel, D.I. Meiron, and G.A. Baker, Jr., University of Guelph report, 1977 (unpublished).
[11] G.A. Baker, Jr., B.G. Nickel, and D.I. Meiron, Phys. Rev. B17, 1365 (1978).
[12] S.A. Antonenko and A.I. Sokolov, Phys. Rev. E 51, 1894 (1995). See alo S.A. Antonenko, A.I. Sokolov, and B.N. Shalaev,
Fiz. Tverd. Tela (Leningrad) 33, 1447 (1991) [Sov. Phys. Solid State 33, 815 (1991)]; S.A. Antonenko and A.I. Sokolov,
Phys. Rev. B49, 15 901 (1984).

14



[13] H. Kleinert, J. Neu, V. Schulte-Frohlinde, K.G. Chetyrkin, and S.A. Larin, Phys. Lett. B272, 39 (1991) (hep-th/9503230);
H. Kleinert and V. Schulte-Frohlinde, Phys. Lett. B342, 284 (1995) (cond-mat/9503038).

[14] For a detailed derivation see Chapter 17 in the textbook [3].

[15] G. Parisi, J. Stat. Phys. 23. 49 (1980).

[16] See the remark at the end of
G.A. Baker, Jr., B.G. Nickel,M.S. Green, and D.I. Meiron, Phys. Rev. Lett. 36, 1351 (1976).

[17] J.A. Gracey, Progress with Large-Nf 3-Functions, Talk presented at 5th International Workshop on Software Engineering,
Neural Nets, Genetic Algorithms, Expert Systems, Symbolic Algebra and Automatic Calculations, Lausanne, Switzerland,
2-6th September, 1996 (hep-th/9609409).

[18] Y. Okabe and M. Oku, Prog. Theor. Phys. 60, 1287 (1978).

[19] A.N. Vasil’ev, Yu.M.Pis’'mak, and J.R. Honkonen, Theor. Math. Phys. 50, 127 (1982); see also D.J. Broadhurst, J.A.
Gracey, and D. Kreimer, Open University Report OUT-4102-46 (hep-th/9607174).

[20] H. Kleinert, Phys. Lett. B360, 65 (1995) (quant-ph/9507009).

[21] J.C. Le Guillou and J. Zinn-Justin, Phys. Rev. B21, 3976 (1980), Phys. Rev. Lett. 39, 95 (1977).

[22] S.G. Gorishny, S.A. Larin, and F.V. Tkachov, Phys. Lett. A 101, 120 (1984). The critical exponents obtained here are
based on the e-expansions calculated in A.A. Vladimirov, D.I. Kazakov, and O.V. Tarasov, Zh. Eksp. Teor. Fiz. 77, 1035
(1979) [Sov. Phys. JETP 50, 521 (1979)]; K.G. Chetyrkin, S.G. Gorishny, S.A. Larin, and F.V. Tkachov, Phys. Lett. B
132, 351 (1983); K.G. Chetyrkin, A.L. Kataev, and F.V. Tkachov, Phys. Lett. B 99, 147 (1981); 101, 457 (1981); D.I.
Kazakov, ibid. 183, 406 (1983). The recent corrections of their five-loop expansion coefficients in H. Kleinert, J. Neu, V.
Schulte-Frohlinde, K.G. Chetyrkin, and S.A. Larin, Phys. Lett. B272, 39 (1991) have only little effects on these results.

[23] J.C. Le Guillou and J. Zinn-Justin, J. de Phys. Lett 46, L137 (1985). Their expansion coefficients are the same as in [22].

TABLE I. Equations determining the coefficients b,, in the strong-coupling expansion from the functions b, (cy?) and their
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In| by, —Yn—1 |

2 by + 71} + 770y b /by

3 bs + y2b} 4+ Y1bh + Y1y2by + 14207 + La3pY (b +vib} + 142052 /by

4 ba + Yabl + Y2bh + v1b5 + (%’Y% + v17v3)bo (b3 + Y2bi + y1by + 71725(()3)
Fyyeby + 2205 + 1y2yeblP 4+ L3 4+ LafplY +4776® + L4365Y) /g
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TABLE II. Our critical exponents in comparison with those obtained by Padé-Borel resummation as compiled in Ref. [12]
(superscript a), as well as earlier results indicated by subscripts b—e. They refer to six-loops expansions in D = 3 dimensions
(b € [11], ¢ € [21]), or to five-loop expansions in € = 4 — D (de€ [22], e€ [23]). For each of our results we give the sixth-order

approximation in parentheses to show the amount of extrapolation.

n | ge v(7e) 1n(16) v(ve) o B w (ws)
0 1.168(1.159) 0.025(0.0206) 0.592(0.586) 0.810(0.773)
1.402* 1.160* 0.034% 0.589% 0.231* 0.305%
1.42140.004>  1.161+0.003° 0.026+0.026" 0.588+0.001 0.23620.004"  0.302+0.004" 0.794 + 0.06°
1.421 £ 0.008° 1.1615 £ 0.002¢  0.027 & 0.004¢ 0.5880-£0.0015¢ 0.3020-0.0015°| 0.80 % 0.04°
1.160 &+ 0.004°  0.031 = 0.003° 0.5885-0.0025° 0.3025+0.0025° | 0.82 + 0.04°
1 1.241(1.235) 0.030(0.0254) 0.630(0.627) 0.805(0.772)
1.401* 1.239* 0.038* 0.631% 0.107* 0.327%
1.41640.0015" 1.241+0.004° 0.03140.011° 0.63040.002" 0.110 £ 0.008" 0.324 £ 0.06" 0.788 + 0.003°
1.41640.004¢  1.241040.0020°  0.03120.004° 0.6300-0.0015¢ 0.3250-0.0015°| 0.794-0.03¢
0.035 =+ 0.002¢ 0.628+0.001¢ 0.80 % 0.02¢
1.1239 £ 0.004°  0.037 =+ 0.003° 0.6305-0.0025° 0.3265-+0.0025° | 0.81 + 0.04°
2 1.318(1.306) 0.032(0.0278) 0.670(0.665) 0.800(0.772)
1.394* 1.315% 0.039* 0.670* -0.010* 0.348%
1.40620.005>  1.316=0.009" 0.03240.015" 0.669+£0.003>  -0.00740.009"  0.346+0.009> 0.78 £0.01°
1.40640.004°  1.31604:0.0025°  0.033+0.004° 0.6690-0.0020° 0.3455-+0.002° | 0.784:0.025°
0.037 £ 0.002¢ 0.665+0.001¢ 0.79 + 0.02¢
1.315 4+ 0.007°  0.040 = 0.003° 0.67140.005° 0.3485-+0.0035° | 0.80 + 0.04°
3 1.387(1.372) 0.032(0.0288) 0.705(0.700) 0.797(0.776)
1.383% 1.386% 0.038% 0.706* -0.117* 0.366"
1.39240.009>  1.390+0.01° 0.03140.022° 0.705+0.005>  -0.115%+0.015> 0.362° 0.78 £ 0.02°
1.391 £0.004°  1.386-:0.004° 0.03340.004° 0.70540.003¢ 0.3645-+0.0025° | 0.78 % 0.02°
0.037 £ 0.002¢ 0.7940.02¢ 0.79 + 0.02¢
1.390 +0.010°  0.040 = 0.003° 0.71040.007° 0.368+0.004° 0.79 & 0.04°
4 1.451(1.433) 0.031(0.0289) 0.737(0.732) 0.795(0.780)
1.369% 1.449* 0.036* 0.738% -0.213% 0.382%
5 1.511(1.487) 0.0295(0.0283) 0.767(0.760) 0.795(0.785)
1.353% 1.506% 0.034* 0.766* -0.297% 0.396*
6 1.558(1.535) 0.0276(0.0273) 0.790(0.785) 0.797(0.792)
1.336% 1.556% 0.031% 0.790% -0.370% 0.407%
7 1.599(1.577) 0.0262(0.0260) 0.810(0.807) 0.802(0.800)
1.3192 1.599% 0.029% 0.8112 -0.434> 0.417%
8 1.638(1.612) 0.0247(0.0246) 0.829(0.825) 0.810(0.808)
1.303% 1.637% 0.027% 0.830% -0.489% 0.426*
9 1.680(1.643) 0.0233(0.0233) 0.850(0.841) 0.817(0.815)
1.288% 1.669* 0.025% 0.845% -0.536% 0.433%
10 1.713(1.670) 0.0216(0.0220) 0.866(0.854) 0.824(0.822)
1.274* 1.697* 0.024% 0.859% -0.576% 0.440*
12 1.763(1.716) 0.0190(0.0198) 0.890(0.877) 0.838(0.835)
1.248% 1.743* 0.021* 0.881% -0.643* 0.450*
14 1.795(1.750) 0.0169(0.0178) 0.905(0.894) 0.851(0.849)
1.226* 1.779* 0.019* 0.898% -0.693* 0.457%
16 1.822(1.779) 0.0152(0.0161) 0.918(0.907) 0.862(0.860)
1.207* 1.807* 0.017% 0.911% -0.732% 0.463%
18 1.845(1.803) 0.0148(0.0137) 0.929(0.918) 0.873(0.869)
1.191* 1.829* 0.015% 0.921% -0.764* 0.468%
20 1.864(1.822) 0.0125(0.0135) 0.938(0.927) 0.883(0.878)
1.177* 1.847* 0.014% 0.930* -0.789* 0.471%
24 1.890(1.850) 0.0106(0.0116) 0.950(0.939) 0.900(0.894)
1.154* 1.874 0.012% 0.942% -0.827* 0.477%
28 1.909(1.871) 0.009232(0.01010)  0.959(0.949) 0.913(0.906)
1.136% 1.893% 0.010* 0.951% -0.854* 0.481%
32 1.920(1.887) 0.00814(0.00895)  0.964(0.955) 0.924(0.915)
1.122% 1.908* 0.009* 0.958? -0.875% 0.483*

16



-2/c

FIG. 1. Image of the left-hand cut in the complex go-plane for ¢ = 3.
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FIG. 2. Behavior of the strong-coupling values w = w(oco) with increasing order N of the approximation, for O(n)-symmetric
theories with n =0, 1, 2, 3, ... . They are the critical exponents observable in the approach to scaling of the second-order
phase transitions in percolating systems, Ising magnets, superfluid Helium, and the classical Heisenberg model. The points are
fitted by expressions w — hemeN'T¥ (dashed line), determining by extrapolation the limiting values indicated by the horizontal
lines, which are plotted in the first of Figs. 3 and listed in Table II. The highest approximation we is indicated in top of the
line in parentheses.

17



0.9 . : e y
0.875 A 0 s P
0.85 i 2
0.825 ' 0.7 P
0.8f%eu,ier / Y
0.775(..-"" 0.6l

0.75 :
5 10 15 20 25 30 35 40 7 5 10 15 20 25 30

5 10 15 20 25 30 0 5 10 15 20 25 30

FIG. 3. Sixth-order approximations to w,v,v,n (thin dots), and their N — oo -limit (fat dots). The dashed lines in the
second and third figures are an interpolation to the Padé-Borel resummations of [12] (where w was not calculated). Their
data for n scatter too much to be represented in this way—they are indicated by small circles. The dotted curves show
1/n -expansions for all four quantities. Note that our results lie closer to these than those of Ref. [12]. The solid n-curve is
explained after Eq. (71).
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FIG. 4. Behavior of the self-consistent strong-coupling values w = w(oco) from Eq. (48) for 2/q = w with increasing order N of
the approximation, for O(n)-symmetric theories with n =0, 1, 2, 3, ... . The points are fitted by expressions w — be=eN' T

(dashed line) with the same limiting values as in Fig. 2.
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FIG. 5. The w-exponents obtained from the expansions of v and v, but their convergence is much slower.
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FIG. 6. Plot analogous to Fig. 2 for the critical exponent v = v(oco). The results of the extrapolation are plotted against n
in the second of Figs. 3 and listed in Table II.
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FIG. 7. Plot analogous to Figs. 2 for the critical exponent 7 = n(c0), illustrating the extrapolation procedure to N — oo for
n =0, 1, 2, 3. The results of the extrapolation are plotted against n in the fourth of Figs. 3 and listed in Table II.
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FIG. 8. Plot analogous to Figs. 2 for the critical exponent v = y(c0), illustrating the extrapolation procedure to N — oo for
n =0, 1, 2, 3. The results of the extrapolation are plotted against n in the third of Figs. 3 and listed in Table II.
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FIG. 9. Logarithmic plot of the renormalized coupling constant g as a function of the bare coupling go for all coupling
strenghts. The small-go regimes shows the successive divergent perturbation expansions, the right-hand side the convergent
strong-coupling expansions.
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FIG. 10. Logarithmic plot of the full function w(go) for all coupling strenghts. The small-go regimes shows the successive di-
vergent perturbation expansions, the right-hand side the convergent strong-coupling expansions. Increasing orders are indicated
by increasing dash-lenghts.
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FIG. 11. Logarithmic plot of the full function nm,(go) for all coupling strenghts. The small-go regimes shows the successive
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FIG. 12. Logarithmic plot of the full function n(go) for all coupling strenghts. The small-go regimes shows the successive
divergent perturbation expansions, the right-hand side the convergent strong-coupling expansions.
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FIG. 13. Doubly logarithmic plot of the inverse square coherence length ¢ 2 in arbitrary units against the reduced temper-

ature 7 = (T — T.)/ATq, where ATg is the Ginzburg temperature interval where the theory crosses over from free field to
critical behavior. The dotted line shows the free-field limit with unit slope, the dashed line the strong-coupling limit with slope

2v =~ 1.252.
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FIG. 14. Plot of the convergent strong-coupling expansion (97) for the beta function §(g). The slope at the zero is the
critical exponent w = 0.805. Note that the function converges well also at weak couplings. The curve isses the coordinate origin
only by a very small amount.
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