
Strong-Coupling Behavior of �4-Theoriesand Criti
al ExponentsHagen Kleinert�Institut f�ur Theoretis
he Physik,Freie Universit�at Berlin, Arnimallee 14, 14195 Berlin, GermanyWe use the re
ently-developed variational perturbation theory to 
ontinue the renormalization
onstants of three-dimensional �4-theories to the regime of strong bare 
oupling g0. In this limit,they are found to behave like powers in g0, whi
h determine all 
riti
al exponents. Convergentstrong-
oupling expansions are found for all renormalization group fun
tions whi
h 
onverge welleven in the weak-
oupling limit.
I. INTRODUCTIONSome time ago, the Feynman-Kleinert variational approximation to path integrals [1℄ has been extended to asystemati
 variational perturbation expansion [2℄. For an anharmoni
 os
illator, this expansion 
onverges uniformlyand exponentially fast, like e�
onst�N1=3 in the order N of the approximation [3,4℄. The uniformity of the 
onvergen
ehas permitted us to derive 
onvergent strong-
oupling expansions from divergent weak-
oupling expansions [5,6℄. The�nite 
onvergen
e radius gs of the strong-
oupling expansion turned out to govern the speed of 
onvergen
e of theentire approa
h [7,8℄, the 
onstant in the above exponential being dire
tly related to gs.Sin
e 
onvergent strong-
oupling expansions 
an be obtained so easily from divergent weak-
oupling expansions, iswas straight-forward to develop a simple algorithm for �nding uniformly 
onvergent optimal interpolations to fun
tionsfor whi
h one knows both several weak-
oupling as well as strong-
oupling expansion 
oeÆ
ients [9℄.The purpose of this paper is to point out that the same algorithm 
an be used to 
al
ulate the behavior of therenormalization 
onstants of three-dimensional �4-theories for all 
oupling strengths, from whi
h we 
an extra
t thelimit of in�nite bare 
oupling 
onstant g0. Sin
e g0 always appears in the 
ombination g0=m, we thereby obtainthe zero-mass limit of the theory, whi
h des
ribes the 
riti
al behavior of wide 
lasses of many-body systems relatedto these �eld theories by universality of infrared behavior. Indeed, we �nd for the renormalization 
onstants powerbehaviors in the bare 
oupling 
onstant, whi
h in Wilson's theory of 
riti
al behavior are derived only by an awkward�-expansion in the dimension of the theory around the s
ale invariant dimension four.II. REMINDER OF STRONG-COUPLING THEORYLet us brie
y re
all the algorithm developed in [9℄, by whi
h a divergent weak-
oupling expansion of the typeEN (g0) = PNn=0 angn0 is turned into a strong-
oupling expansion EM (g0) = gp=q0 PMm=0 bm(g�2=q0 )m with a �nite
onvergen
e radius gs. Examples treated in [9℄ were the anharmoni
 os
illator with parameters p = 1=3; q = 3 for theenergy eigenvalues, and the Fr�ohli
h polaron with p = 1; q = 1 for the ground-state energy and p = 4; q = 1 for themass. For the mass of the polaron, the summation gave quite a di�erent results from Feynman's, 
alling for furtherstudies of this system.As des
ribed in detail in [3℄, the �rst step is to rewrite the weak-
oupling expansion with the help of an auxiliarys
ale parameter � as EN (g0) = �p NXn=0 an � g0�q �n (1)where � is eventually set equal to 1. We shall see below that the quotient p=q parametrizes the leading power behaviorin g0 of the strong-
oupling expansion, whereas 2=q 
hara
terizes the approa
h to the leading power behavior. In ase
ond step we repla
e � by the identi
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�!pK2 + �2 �K2 (2)
ontaining a dummy s
aling parameter K. The series (1) is then reexpanded in powers of g0 up to the order N ,thereby treating �2�K2 as a quantity of order g0. The result is most 
onveniently expressed in terms of dimensionlessparameters ĝ0 � g0=Kq and �(K)equiv(1��̂2)=ĝ0, where �̂ � �=K, and we have suppressed g0 and � in the argumentsof �(K). Then the repla
ement (2) amounts to� �! K(1� �ĝ0)1=2; (3)so that the reexpanded series reads expli
itlyWN (g0;K) = Kp NXn=0 "n(�(K)) (ĝ0)n ; (4)with the 
oeÆ
ients: "n(�) = nXj=0 aj � (p� qj)=2n� j � (��)n�j : (5)For any �xed g0 and �, we form the �rst and se
ond derivatives of WN (g0;K) with respe
t to K, 
al
ulate theK-values of the extrema and the turning points, and sele
t the smallest of these as the optimal s
aling parameter KN .The fun
tion WN (g0) �WN (g0;KN) 
onstitutes the Nth variational approximation EN (g0) to the fun
tion E(g0).It is easy to take this approximation to the strong-
oupling limit g0 ! 1. For this we observe that (4) has thes
aling form WN (g0;K) = KpwN (ĝ0; �̂2): (6)For dimensional reasons, the optimal KN in
reases with g0 like KN � g1=q0 
N , so that ĝ0 be
omes asymptoti
ally
onstant, say ĝ0 ! 
�qL , implying that remain �nite in the strong-
oupling limit � ! 1=ĝ0 = 
qL. The dimensionless�̂2 tends to zero like 1=[
L(g0=�q)1=q ℄2. Hen
eWN (g0;KN) � gp=q0 
pNwN (
�qN ; 0): (7)In this limiting form, 
N plays the role of the variational parameter to be determined by the optimal extremum orturning point of 
pNwN (
�qN ; 0).The full strong-
oupling expansion is obtained by expanding wN (ĝ0; �̂2) in powers of �̂2 = (g0=�q ĝ0)�2=q . Theresult is WN (g0) = gp=q0 �b0(ĝ0) + b1(ĝ0)� g0�q ��2=q + b2(ĝ0)� g0�q ��4=q + : : :� (8)with bn(ĝ0) = 1n!w(n)N (ĝ0; 0)ĝ(2n�p)=q0 ; (9)where w(n)N (ĝ0; �̂2) is the nth derivatives of wN (ĝ0; �̂2) with respe
t to �̂2. Expli
itly:1n!w(n)N (ĝ0; 0) = NXl=0(�1)l+n l�nXj=0 aj � (p� qj)=2l � j �� l � jn � (�ĝ0)j : (10)The optimal expansion of the energy (8) is obtained by expandingĝ0 = 
�qN �1 + 
1 � g0�q ��2=q + 
2 � g0�q ��4=q + : : : � ;and �nding the optimal extremum (or turning point) in the resulting polynomials of 
1; 
2; : : : . In this way we obtaina systemati
 strong-
oupling expansion in powers of (g0=�q)�2=q2



WL(gB) = gp=qB ��b0 +�b1 �gB�q ��2=q +�b2 �gB�q ��4=q + : : :� : (11)In pra
ti
e, the 
oeÆ
ients �b0 are determined su

essively as follows: First we optimize b0(ĝB) at ĝB = 
�qN yielding�b0 = b0(
�qN ). At the same value of ĝB we 
al
ulate �b1 = b1(
�qN ), and further 
oeÆ
ients bi(
�qN ); i = 2; 3; : : : , andtheir derivatives b0i(
�qN ), b00i (
�qN ) : : : . From these we determine the remaining optimized 
oeÆ
ients �bi in the strong-
oupling expansion (11) by 
ombining bi(
�qN ) as spe
i�ed in Table I. This pro
edure will be applied to quantum �eldtheory in Se
tion VI. III. CONVERGENCEThe available number of weak-
oupling 
oeÆ
ients is limited to N = 6 for three-dimensional �4-theories [10{12℄,and to N = 5 for theories in 4�� dimensions [13℄. In either 
ase it will be important to know the spe
i�
 way in whi
hthe approximations WN (ĝ0) approa
h the 
orre
t result W1(ĝ0). This will permit us to extrapolate the results foundfor N = 1; 2; : : : ; 6 to N ! 1 with some reliability. To do this, we must adapt the dis
ussion for the harmoni
os
illator in Ref. [7℄ to the general 
ase.We remove the fa
tor �p from the fun
tion E(g0), de�ning the redu
ed quantity �E(�g0) = E(g0)=�p as a fun
tion ofthe redu
ed 
oupling 
onstant �g0 � g0=�q. We further assume the strong-
oupling growth gp=q0 of the fun
tion E(g0)to be less than linear, so that �E(�g0) satis�es a on
e-subtra
ted dispersion relation�E(�g0) = a0 + �g02�i Z �10 d�g00�g00 dis
 �E(�g00)�g00 � �g0 ; (12)where dis
 �E(�g0) is the dis
ontinuity a
ross the left-hand 
ut in the 
omplex g0-plane (from below to above). Anexpansion of the integrand in powers of �g0 up to �gN0 reprodu
es of 
ourse the initial perturbation series (1), where theexpansion 
oeÆ
ients are moment integrals over the dis
ontinuity:ak = 12�i Z �10 d�g0�gk+10 dis
 �E(�g0): (13)The dispersion relation (12) 
an also be used to derive moment integrals for the reexpansion 
oeÆ
ient "l(�) in (4),(5). For the dimensionless 
oupling 
onstant �g0, the repla
ement (3) be
omes�g0 �! ~g0(ĝ0) � ĝ0(1� �ĝ0)q=2 : (14)Be
ause of the prefa
tor �p in (1), the repla
ement (2) also produ
es a prefa
tor Kp=�p = (1��ĝ0)p=2 to the fun
tionE(g0). For the redu
ed fun
tion Ê(ĝ0) � E(g0)=Kp, whi
h depends only on the redu
ed 
oupling 
onstant ĝ0, wethus obtain a dispersion relationÊ(ĝ0) = (1� �ĝ0)p=2 �a0 + ~g0(ĝ0)2�i Z �10 d�g00�g00 dis
 �E(�g00)�g00 � ~g0(ĝ0)� : (15)This fun
tion satis�es a dispersion relation in the 
omplex ĝ0-plane. If C denotes the image of the left-hand 
ut inoriginal dispersion relation (12), as it arises from the mapping (14), and if dis
CE(ĝ0) denotes the dis
ontinuity a
rossthis 
ut, that dispersion relation readŝE(ĝ0) = a0 + ĝ02�i ZC dĝ00ĝ00 dis
CÊ(ĝ00)ĝ00 � ĝ0 : (16)An expansion of the integrand in powers of ĝ0 yields moment integrals for the desired reexpansion 
oeÆ
ients "k(�):"k(�) = 12�i ZC dĝ0ĝk+10 dis
CÊ(ĝ0): (17)The dis
ontinuity in these integrals 
an be derived from the dispersion relation (15). The fun
tion ~g0(ĝ0) in (14)
arries the left-hand 
ut in the 
omplex �g0-plane over into several 
uts in the ĝ0-plane. In Fig. 1 we show the image3




uts arising for q = 3, where ! = 2=3 (the 
ase of the anharmoni
 os
illator dis
ussed in [7℄). They run along the
ontours C1; C�1; C2 ; C�2; C3, the last being 
aused by the powers q=2 and p=2 of 1� �ĝ0 in the mapping (14) andthe prefa
tor in (15), respe
tively. Let �D(�g0) abbreviate the redu
ed dis
ontinuity in the original dispersion relation(12): �D(�g0) � dis
 �E(�g0) = 2iIm �E(�g0 � i�); �g0 � 0: (18)Then the dis
ontinuities a
ross the various 
uts aredis
C1;�1;2;�2 Ê(ĝ0) = (1� �ĝ0)p=2 �D(ĝ0(1� �ĝ0)�q=2); (19)dis
C3 Ê(ĝ0) = �2i(�ĝ0 � 1)p=2 � �a0 � Z 10 d�g002� ĝ0(�ĝ0 � 1)�q=2�g002 + ĝ20(�ĝ0 � 1)�q �D(��g00)�: (20)For small negative �g0, the dis
ontinuity is given by a standard semi
lassi
al approximation with the typi
al form [14℄:�D(�g0) � �i 
onst� �gb0 ea=�g0 : (21)The exponential plays the role of a Boltzmann fa
tor for the a
tivation of a 
lassi
al solution to the �eld equations,wheras the prefa
tor a

ounts for the entropy of the �eld 
u
tuations around this solution.Let us denote by "k(Ci) the 
ontributions of the di�erent 
uts to the integral (17). After inserting (21) into (19),we obtain from the 
ut along C1 the semi
lassi
al approximation"k(C1) � 
onst� ZC1 dĝ02� 1ĝk+10 (1� �ĝ0)p=2�bq=2ĝb0 ea(1��ĝ0)q=2=ĝ0 : (22)For the kth term of the series Sk � "kĝk0 , this yields a large-k estimateSk / "ZC
 d
2� efk(
)# 
k; (23)where 
 � �ĝ0, and fk(
) is the fun
tionfk(
) � �k log(�
) + a�
 (1� 
)q=2 a�
 (1� 
)q=2 + (b� 1) log(�
) + : : : :: (24)For large k, the saddle point approximation yields via the extremum at 
 �!k!1 
k = �a�=k:fk �!k!1 k log(k=ea�)� aq�=2 + (b� 1) log a�k + : : : : (25)The 
onstant �aq�=2 in this limiting expression arises when expanding the se
ond term of Eq. (24) into a Taylorseries, (a�=
)(1 � 
)q=2 = a�=
k � aq�=2 + : : : . Only the �rst two terms in (25) 
ontribute to the large-k limit.Thus, to leading order in k, the kth term of the reexpanded series be
omesSk / e�aq�=2��3ke �k � ĝ4�k : (26)The 
orresponding reexpansion 
oeÆ
ients "k / e�aq�=2Ek (27)have the remarkable property of growing in pre
isely the same manner with k as the initial expansion 
oeÆ
ients Ek,ex
ept for an overall suppression fa
tor e�aq�=2, as dis
ussed in Ref. [3℄.To estimate the 
onvergen
e of the variational perturbation expansion (4), we note that �ĝ = 1� �̂2 is for large Ksmaller than unity, so that the powers (�ĝ)k by themselves would yield a 
onvergent series. An optimal reexpansionof the redu
ed fun
tion Ê(ĝ0) 
an be a
hieved by 
hoosing, for a given large maximal order N of the expansion, aparameter � proportional to N : � � �N � 
N: (28)4



Inserting this into (24), we obtain for large k = NfN(
) � N �� log(�
) + a

 (1� 
)q=2� : (29)The extremum of this fun
tion lies at1 + a

 (1� 
)q=2�1 h1 + �q2 � 1� 
i = 0: (30)The 
onstant 
 may be 
hosen in su
h a way that the large exponent proportional to N in the exponential fun
tionefN (
) due to the �rst term in (29) is 
an
eled by an equally large 
ontribution from the se
ond term, i.e., we requireat the extremum fN(
) = 0: (31)The two equations (30) and (31) are solved by 
ertain 
onstant values of 
 < 0 and 
. In 
ontrast to the extremal 
of Eq. (24) whi
h dominates the large-k limit, the extremal 
 in the present limit, in whi
h k is also large but of thesame size as N , remains �nite (the previous estimate held for k � N). A

ordingly, the se
ond term (a
=
)(1� 
)q=2in fN(
) 
ontributes in full, not merely via the �rst two Taylor expansion terms of (1� 
)q=2, as it did in (25).Sin
e fN(
) vanishes at the extremum, the Nth term in the reexpansion has the order of magnitudeSN (C1) / (�N ĝ0)N = �1� 1K2N �N : (32)A

ording to (28), the s
ale parameter KN grows for large N likeKN � �1=qN g1=q0 � (
Ng0)1=3: (33)As a 
onsequen
e, the last term of the series de
reases for large N likeSN (C1) / �1� 1(�Ng0)2=q �N � e�N=(�Ng0)2=q � e�N1�2=q=(
g0)2=q : (34)This estimate does not yet explain the exponentially fast 
onvergen
e of the variational perturbation expansionin the strong-
oupling limit, observed in [6℄. For the 
ontribution of the 
ut C1 to SN , the derivation of su
h abehavior requires in
luding the approa
h of �N to the large-N behavior (28), whi
h has the same general form as thestrong-
oupling expansion (8), �N � 
N �1 + 
0N2=q + : : :� ; (35)as it turns out with positive 
0. By inserting this �N into fN(
) of (29), we �nd an extra exponential fa
tor whi
hdominates the large-N behavior for at in�nite 
oupling ĝ0:e�fN � exp ��N log(�
) 
0N2=q � � e�
00N1�2=q : (36)What about the 
ontributions of the other 
uts? For C�1, the integral in (17) runs from ĝ = �2=� to �1 andde
rease like (�2=�)�k. The asso
iated last term SN(C�1) is of the negligible order e�N logN . For the 
uts C2;�2;3, theintegral (17) starts at ĝ = 1=� and has therefore the leading behavior"k(C2;�2;3) � �k; (37)yielding at �rst a 
ontribution to the Nth term in the reexpansion of the order ofSN (C2;�2;3) � (�ĝ)N ; (38)whi
h de
reases merely like (34) and does not explain the empiri
ally observed 
onvergen
e in the strong-
ouplinglimit. The important additional information dis
overed in [7,8℄ is that the 
uts in Fig. 1 do not really rea
h the point�ĝ = 1. There exists a small 
ir
le of radius �ĝ > 0 in whi
h Ê(ĝ) has no singularities at all. This is a 
onsequen
e5



of the fa
t unused up to this point that the strong-
oupling expansion (8) 
onverges for g0 > gs: For the redu
edfun
tion Ê(ĝ0), this expansion reads:Ê(ĝ) = (ĝ0)p=q (b0 + b1 � ĝ0(1� �ĝ0)q=2 ��2=q+ b2 � ĝ0(1� �ĝ0)q=2 ��4=q+ : : :): (39)The 
onvergen
e of (8) for g0 > gs implies that (39) 
onverges for all �ĝ0 in a neighborhood of the point �ĝ0 = 1 witha radius �(�ĝ0) = ���� ĝ0�gs ����2=q ; (40)where �gs � gs=�q. For large N , the denominator Kq in ĝ0 on the right-hand side makes �(�ĝ0) go to zero like�(�ĝ0) � 1(N j�gsj
)2=q : (41)Thus the integration 
ontours of the moment integrals (17) for the 
ontributions "k(Ci) of the other 
uts do not beginat the point �ĝ = 1, but a little distan
e �(�ĝ) away from it. If q < 4, i.e. if ! > 1=2, the interse
tion points of thesmall 
ir
le with the 
uts C2 and C�2 have a real part larger than unity. This produ
es a suppression fa
tor to theprevious result (37) of the integral (17) (�ĝ0)�N � [1 + �(�ĝ0)℄�N : (42)bringing the last term of the series SN toSN (C2;�2;3) � (�ĝ0)N 1[1 +�(�ĝ0)℄N : (43)instead of (38). Inserting (41), we �nd that this goes to zero with the same 
hara
teristi
 behavior (36) as the
ontribution from the 
ut C1: SN (C2;�2;3) � e�
000N1�! ; 
000 > 0: (44)Su
h a behavior 
hara
terizes therefore the 
onvergen
e for N !1, whi
h will be needed in Se
tion VI to extrapolate�nite-N results to N !1. IV. ADAPTATION TO THE PROBLEM AT HANDIn the examples treated in the original paper [9℄, the strong-
oupling parameters p and q were known. In theproblem here, this is not be the 
ase. They 
an, however, be easily determined. We simply observe that p=q and 2=q
an be found from the strong-
oupling limits of an in�nite set of logarithmi
 derivatives of WN (g0):pq = F1(1); F1(g0) � d logWN (g0)d log g0 = g0W 0N (g0)WN (g0) ; (45)�2q � 1 = F2(1); F2(g0) � d logF 01(g0)d log g0 = g0F 001 (g0)F 01(g0) ; (46)�2q � 1 = F3(1); F3(g0) � d logF 02(g0)d log g0 = g0F 002 (g0)F 02(g0) ; (47)... :If the parameter p happens to be zero, there is a further sequen
e of formulas for the parameter q:6



�2q � 1 = G1(1); G1(g0) � d logW 0N (g0)d log g0 = g0W 00N (g0)W 0N (g0) ; (48)�2q � 1 = G2(1); G2(g0) � d logG01(g0)d log g0 = g0G001(g0)G01(g0) ; (49)�2q � 1 = G3(1); G3(g0) � d logG02(g0)d log g0 = g0G002(g0)G02(g0) ; (50)... :Formulas (45) and (48) will be 
ru
ial to the development in Se
tion VI.V. PERTURBATION EXPANSIONSWe shall apply our te
hnique to the renormalization 
onstants of the �4-theory with the bare eu
lidean a
tionA = Z dD �12 [��0(x)℄2 + 12m20�20(x) + 48�n+ 8 g04! ��20(x)�2� (51)in D = 3 dimension. The �eld �0(x) is an n-dimensional ve
tor, and the a
tion is O(n)-symmetri
 in this ve
torspa
e. The Ising model 
orresponds to n = 1, the 
riti
al behavior of per
olation is des
ribed by n = 0, super
uidphase transitions by n = 2, and 
lassi
al Heisenberg magneti
 systems by n = 3.By 
al
ulating the Feynman diagrams up to six loops, one obtains renormalized values of mass, 
oupling 
onstant,and �eld related to the bare input quantities by renormalization 
onstants Z�; Zm; Zg:m20 = m2 ZmZ�1� ; �0 = �ZgZ�2� ; �0 = � Z1=2� : (52)The divergen
es are removed by analyti
 regularization [15℄. In the literature, one �nds expansions for 
ertainlogarithmi
 derivatives of the renormalization fa
tors (the so-
alled renormalization group fun
tions) up to six loops.Introdu
ing the redu
ed dimensionless 
oupling 
onstants �g � g=m and �g0 � g0=m, these 
an be written as!(�g) = d�(�g)d�g ; �(�g) = �� dd�g log[�gZg=Z2�℄��1 = ��g0�d�g0d�g ��1 ; (53)�(�g) = �(�g) dd�g logZ� = �(�g) dd�g log �20�2 ; (54)�m(�g) = ��(�g) dd�g log[Z2m=Z�℄ = ��(�g) dd�g log m20m2 : (55)The fun
tion �(�g) may be 
onsidered as a fun
tion of the redu
ed bare 
oupling 
onstant �g0. As su
h it is equal tothe logarithmi
 derivative of the fun
tion �g = �g(�g0):�(�g0) = �d �g(�g0)d log �g0 = ��g0ĝ0(�g0): (56)The fun
tion !(�g) may then be obtained from the fun
tion �g = �g(�g0) by the logarithmi
 derivative!(�g0) = d log �(�g0)d log �g0 = �d log[�g0�g0(�g0)℄d log �g0 = � 1� g0 �g00(�g0)�g0(�g0) : (57)Comparison with Eq. (48) shows that if �g(�g0) goes to a 
onstant �g� in the strong-
oupling limit �g0 !1, the limitingvalue ! � !(1) plays the role of a parameter of approa
h 2=q of the strong-
oupling expansion of the fun
tion �g(�g0).Similarly we 
onvert Eqs. (54) and (55) into fun
tions of the bare 
oupling 
onstant g0:�(�g0) = dd log �g0 log �2�20 ; �m(�g0) = � dd log �g0 log m2m20 : (58)If �(�g0) and �m(�g0) have �nite strong-
oupling limits � = �(1) and �m = �m(1), these equations imply the strong-
oupling behavior 7



�2�20 � �g�0 ; m2m20 � �g��m0 : (59)By repla
ing the redu
ed 
oupling 
onstant �g0 by g0=m, this implies the small-mass behavior at a �xed bare 
ouplingg0: �2�20 = 
onst�m��; m2m20 = 
onst�m�m : (60)In the �eld-theoreti
 des
ription of se
ond-order phase transitions, the bare square mass m20 vanishes near the 
riti
altemperature like � / (T � T
). For the renormalized mass m, we obtain from the se
ond equation in (60) the s
alingrelation m / �1=(2��m). Experiments observe that the 
oheren
e length of 
u
tuations � = 1=m in
reases near T
like ��� , so that we derive for the 
riti
al exponent � a value 1=(2 � �m). Similarly we see from the �rst equationin (60) that the s
aling dimension D=2 � 1 of the bare �eld �0 for T ! T
 is 
hanged, in the strong-
oupling limitg0 ! 1, to D=2 � 1 + �=2, the number � being the so-
alled anomalous dimension of the �eld. This implies a
hange in the large-distan
e behavior of the 
orrelation fun
tions h�(x)�(0)i at T
 from the free-�eld behavior r�D+2to r�D+2�� . The magneti
 sus
eptibility is determined by the integrated 
orrelation fun
tion h�0(x)�0(0)i. At zero
oupling 
onstant g0, this is proportional to 1=m20 / ��1, whi
h is 
hanged by 
u
tuations to m�2�20=�2. This hasa temperature behavior m�(2��) = ���(2��) � ��
 , whi
h de�nes the 
riti
al exponent 
 = �(2 � �) observable inmagneti
 experiments.The following expansions are available in the literature [10{12℄:!(�g) = �1 + 2�g (8 + n)� 3�g2 (760=27+ 164n=27) + 4�g3 �199:640417+ 54:94037698n+ 1:34894276n2�+5�g4 ��1832:206732� 602:5212305n� 35:82020378n2+ 0:15564589n3�+6�g5 �20770:17697+ 7819:564764n+ 668:5543368n2+ 3:2378762n3+ 0:05123618n4�+7�g6 ��271300:0372� 114181:4357n� 12669:22119n2� 265:8357032n3+ 1:07179839n4+ 0:02342417n5��(�g) = �g2 (16=27+ 8n=27) + �g3 �0:3949440224+ 0:246840014n+ 0:0246840014n2�+�g4 �6:512109933+ 4:609221057n+ 0:6679859202n2� 0:0042985626n3� (61)+�g5 ��21:64720643� 15:1880934n� 1:891139282n2+ 0:1324510614n3� 0:0065509222n4�+�g6 �369:7130739+ 300:7208933n+ 64:07744656n2+ 3:054030987n3� 0:0203994485n4� 0:0055489202n5��m(�g) = �g (2 + n)� �g2 (92=27+ 46n=27) + �g3 �18:707787762+ 12:625201157n+ 1:6356536385n2�+�g4 ��134:28726152� 98:33833174n� 15:117303198n2+ 0:2400236453n3�+�g5 �1318:4281763+ 1046:8184247n+ 209:71327323n2+ 8:143135609n3+ 0:0937915707n4�+�g6 ��15281:544489� 12918:644832n� 2980:2279474n2� 164:6575873n3+ 3:0931477063n4+ 0:0495801299n5� :Here and in the subsequent set of perturbative expansions, we save spa
e by omitting in ea
h term �gn a denominator(n+ 8)n.By integrating (53), we see that !(�g) implies the relation between bare and renormalized 
oupling 
onstant:g0 = g�1 + �g (8 + n) + �g2 �1348=27+ 350n=27+ n2�+�g3 �315:8307562667+ 120:7825947383n+ 17:3632278267n2+ n3�+�g4 �1813:1642655362+ 949:9400421368n+ 203:4347168377n2+ 21:5210551192n3+ n4�+�g5 �11664:58684418+ 7259:6266136476n+ 1965:0940131759n2+ 298:9857773851n3+ 25:5436671032n4+ n5�+�g6 �57253:8939657167+ 47753:8060061961n+ 16981:2530394653n2+ 3357:7450242179n3+ 407:679442164n4+ 29:4800395765n5+ n6� �: (62)This 
an be inverted to�g = �g0�1� �g0 (8 + n) + �g20 �2108=27+ 514n=27+ n2�+�g30 ��878:7937193� 312:63444671n� 32:54841303n2� n3�+g40 �11068:06183+ 5100:403285n+ 786:3665699n2+ 48:21386744n3+ n4�+�g50 ��153102:85023� 85611:91996n� 17317:702545n2� 1585:1141894n3� 65:82036203n4� n5�8



+�g60 �2297647:148 + 1495703:313n+ 371103:0896n2+ 44914:04818n3+ 2797:291579n4+ 85:21310501n5+ n6� ; �: (63)where we suppress a denominator (n+ 8)n in ea
h term �gn0 . Inserting this into the fun
tions (61), they be
ome!(�g0) = �1 + 2�g0 (8 + n)� �g20 �1912=9+ 452n=9+ 2n2�+�g30 �3398:857964+ 1140:946693n+ 95:9142896n2+ 2n3�+�g40 ��60977:50127� 26020:14956n� 3352:610678n2� 151:1725764n3� 2n4�+�g50 �1189133:101+ 607809:998n+ 104619:0281n2+ 7450:143951n3+ 214:8857494n4+ 2n5�+�g60 ��24790569:76� 14625241:87n� 3119527:967n2� 304229:0255n3� 14062:53135n4� 286:3003674n5� 2n6� ; (64)�(�g) = �g20 (16=27+ 8n=27) + �g30 ��9:086537459� 5:679085912n� 0:5679085912n2�+�g40 �127:4916153+ 94:77320534n+ 17:1347755n2+ 0:8105383221n3�+�g50 ��1843:49199� 1576:46676n� 395:2678358n2� 36:00660242n3� 1:026437849n4� (65)+�g60 �28108:60398+ 26995:87962n+ 8461:481806n2+ 1116:246863n3+ 62:8879068n4+ 1:218861532n5��m(�g) = �g0 (2 + n)� �g20 ��523=27� 316n=27� n2�+�g30 �229:3744544+ 162:8474234n+ 26:08009809n2+ n3�+�g40 ��3090:996037� 2520:848751n� 572:3282893n2� 44:32646141n3� n4�+�g50 �45970:71839+ 42170:32707n+ 12152:70675n2+ 1408:064008n3+ 65:97630108n4+ n5�+�g60 ��740843:1985� 751333:064n� 258945:0037n2� 39575:57037n3� 2842:8966n4� 90:7145582n5� n6� :Let us also write down a power series expansion for the fun
tion 
(g0) = [2� �(g0))=[2� �m(g0)℄ whi
h tends to the
riti
al exponent 
 of sus
eptibility. In resummation pro
edures applied to fun
tions of the renormalized 
oupling
onstant g, this series has always been favored over that for �(g) sin
e, in 
ontrast to �(g), its expansion 
oeÆ
ientsof 
(g) have alternating signs permitting appli
ation of Pad�e-Borel resummation te
hniques [16℄. For 
(g0), the seriesreads:
(g) = 1 + �g0 (2 + n) =2 + �g20 ��9� 5n� n2=4�+�g30 �100:5267922+ 64:05955095n+ 7:148077413n2+ 0:125n3�+�g40 ��1306:696473� 953:5355208n� 165:6165894n2� 7:886473674n3� 0:0625n4�+�g50 �19047:24345+ 15717:20743n+ 3667:58258n2+ 300:9668324n3+ 7:848484825n4+ 0:03125n5�+�g60 ��304324:882� 279842:9929n� 81107:12259n2� 9519:124419n3� 457:7147389n4� 7:463312096n5� 0:015625n6� (66)VI. FROM WEAK TO STRONG COUPLINGSWe are now ready to apply our theory of Se
tions II{IV to these expansions. First we study the �g0 !1 -limit ofthe series (63) for the renormalized redu
ed 
oupling 
onstant �g. We expe
t the theory to reprodu
e experimentallyobserved s
aling laws whi
h means that �g(�g0) should tend to some 
onstant value: �g(�g0) ! �g� for �g0 ! 1. In thenotation of (8), the parameter p=q for the leading power behavior in �g0 must therefore be equal to zero.The approa
h parameter 2=q is unknown. It 
an, however, be determined from Eq. (48). Inserting for WN (�g0) thefun
tion g(�g0), we 
al
ulate the 
riti
al exponent ! = 2=q for O(n)-symmetri
 theories with n = 0; 1; 2; 3; : : : . Thehighest available approximation !6 is found to yield the values given in the last 
olumn of Table II.Sin
e N is not very large, the results require extrapolation to in�nite N . The fun
tional form of the N -dependen
ewas determined in (44), predi
ting the large-N behavior!N � ! � b e�
N1�! : (67)In Fig. 2 we illustrate how the su

essive approximations !2{!6 are �tted by this asymptoti
 
urve for O(n)-theorieswith n = 0 (per
olation), n = 1, (Ising), n = 2 (super
uid Helium), n = 3 (
lassi
al Heisenberg model). The9



extrapolated N ! 1 -values obtained by su
h �ts are shown in the se
ond-last 
olumn of Table II. They areplotted in the �rst of Figs. 3, together with the sixth-order approximation to show the signi�
an
e of the N ! 1 -extrapolation. Our numbers merge smoothly with the 1=n-expansion 
urve whi
h has been 
al
ulated only re
entlyto order 1=n2 [17℄: ! = 1� 8 83�2 1n + 2�1043 � 92�2�� 83�2 1n�2 +O(n�3): (68)To judge the internal 
onsisten
y of our pro
edure, we 
al
ulate ! on
e more from the series (48) for ! = 2=q.Sin
e ! appears also on the right-hand side of the series via the parameter q, this represents a self-
onsisten
y relationwhi
h 
an be iterated until input and output values for ! agree. The results are shown in Fig. 4 for in
reasing ordersN = 2; 3; 4; 5; 6, in the Ising 
ase n = 1. The data points are again �tted with the fun
tional behavior (67), usingthe same extrapolated !(1)-values as in the previous �ts.The 
riti
al exponents ! 
an also be 
al
ulated from the expansions for 
 and � in this self-
onsistent way, as shownin Fig. 5.Note that the agreement between the self-
onsist !-values with the previous ones determined from the p = 0 -
ondition 
an be 
onsidered as a 
on�rmation of the hypothesis that the thery does indeed have a de�nite strong-
oupling limit in whi
h g(g0) tends to a 
onstant g� (an infrared-stable �xed point in the language of the renormalizationgroup). It also implies all other s
aling properties to be derived in the sequel.Pro
eeding to other 
riti
al exponents, we now take the fun
tion ��1(�g0) = 2��m(�g0) to the strong-
oupling limit,to determine � = �(1). The extrapolations to large N are done with the help of the approximations �2; �3; : : : ; �6,as illustrated in Figs. 6. The resulting 
riti
al exponents are plotted against n in the se
ond of Figs. 3, and listed inTable II. The points are seen to merge well with those of the 1=n -expansion for � [18℄:� = 1� 4 83�2 1n +�563 � 92�2�� 83�2 1n�2 +O(n�3):The fun
tion 
(�g0) is treated somewhat di�erently. Sin
e 
 serves to determine the 
riti
al exponent � via thes
aling relation � = 2� 
=�, and sin
e this 
ombination is very sensitive to small errors in 
 (and in �), we pro
eedas follows: After applying our method to the 
-series and 
al
ulating the approximations 
2; 
3; : : : ; 
6, we go overto �2; �3; : : : ; �6 via the s
aling relation �N = 2� 
N=�, and perform the extrapolation N !1 on these �-values, asillustrated in Figs. 7. In this way we obtain the smooth �-
urves shown in the fourth of Figs. 3 and listed in Table II.The values of the highest approximation �6 in the parentheses of Table II are obtained from a dire
t variationaltreatment of the perturbation expansion for �. These are 
loser to the �nal �-values than the approximations of�6 = 2 � 
6=� used for the exprapolation, whi
h are indi
ated in the parenthesis on top of Figs. 7. Still, we haveused the latter for extrapolation sin
e there are �ve of them to be �tted with the asymtoti
 
urve (67), while the�-expansion whi
h has no linear term in ĝ0 provides us only with four values, making a �t less reliable.The extrapolated �-values are inserted into the s
aling relation 
 = �(2 � �) to derive the extrapolated 
-valuesplotted in the third of Figs. 3 and listed in Table II. A dire
t extrapolation N !1 of the variational approximations
N to the 
-expansion turn out to be fully 
ompatible with the previous results, as illustrated in Fig. 8.For large n, our 
riti
al exponents � are in ex
ellent agreement with the 1=n -expansion, whi
h is known up toorder 1=n3 [19℄:� = 83�2 1n � 283 � 83�2 1n�2 � �65318 ��27 log 2 + 474 � �(2) + 1894 �(3)�� 83�2 1n�3 +O(n�4); (69)where �(x) is Riemann's zeta fun
tion. Note that for �, the �nite-N 
orre
tions are very small. In fa
t, from the�6-values near n = 1000 we 
an extra
t numeri
ally a 1=n-expansion� � 0:303 1n � 0:104 1n2 ; (70)whi
h agrees reasonably well with the exa
t expansion� � 0:270 1n � 0:195 1n2 : (71)It is worth pointing out that we may apply our strong-
oupling theory also to 1=n -expansions for �, to �ndexpressions valid for all n down to n = 0 by treating 1=n just like the variable g0 in Se
tion II. Taking the 1=n -expansion as an example, we derive a smooth �t from large to rather small n by adding another term �104=n4 to10



(69) before going through the resummation. The extra term improves the �t. Sin
e � starts out linearly at the"strong-
oupling" value 1=n = 1, the prameters p and q are 0 and 2. The resulting 
urve is shown in the fourth ofFigs. 3. It �ts all data, ex
ept for very small n. The �gure shows also su

essive approximations provided by the1=n-expansion.Also 
 merges well with its 1=n-expansion
 = 2� 9 83�2 1n + �44� 9�2�� 83�2 1n�2 +O(n�3); (72)as seen in the third of Figs. 3.Finally, we exhibit the full power of our theory by plotting for the example of the Ising 
ase n = 1 the fun
tions !(�g0),�(�g0), �(�g0) for all 
oupling strengths in Figs 9{12, together with the diverging perturbative approximations as wellas the 
onvergent strong-
oupling expansion. We do this su

essively for ea
h in
reasing order of the approximations.On a logarithmi
 plot, the quality of these very di�erent approximations looks surprisingly similar.Although the fun
tions �g(�g0), !(�g0), �(�g0), �(�g0) in Figs. 9{12 were derived by a numeri
al variational pro
edure,it is possible to write the results down in the form of new strong-
oupling expansions whi
h 
onverge for all 
ouplingstrengths. We shall demonstrate this only for the Ising 
ase n = 1, where ! = 0:805. Consider �rst the fun
tion �g(�g0)with the sixth-order strong-
oupling expansion (8) (whose �g0-dependen
e is displayed in Fig. 9):�g = 1:400036164909792� 2:015076019427151=�g!0 + 2:512390732560552=�g2!0 � 2:903034628806387=�g3!0+3:123423917471507=�g4!0 � 3:108796470872297=�g5!0 + 2:844130229268904=�g6!0 � 2:38207097645026=�g7!0 : (73)For �g0 !1, this goes against the �xed point �g� = 1:400036164909792, the 
riti
al 
oupling 
onstant. The importantobservation is now that by 
hanging variables to x = x(�g0) de�ned by�g0 � (1� x)=x1=! ; (74)and reexpanding up to the order x6, we obtain a new modi�ed strong-
oupling expansion�g(x) = 1:400036164909792� 2:015076019427151x+ 0:890254536921696x2� 0:322063465947966x3+0:02243448556302718x4+ 0:02753503840016558x5+ 0:004440133592881424x6� 0:005052466607713413x7: (75)Numeri
ally, this 
onverges for all �g0 2 (0;1) where x 2 (1; 0). Indeed, when plotting this fun
tion in Fig. 9, itfalls right on top of the previously 
al
ulated 
urve representing the full variational expression (4). To verify the
onvergen
e for small 
ouplings, we insert x = 1 and obtain 0.0025, whi
h misses only slightly the free-�eld value 0.Similarly we obtain a strong-
oupling expansion of the 
riti
al exponent �(�g0). In a

ordan
e with the abovedetermination of � from a resummation of the series for the inverse ��1(�g0) = 2� �m(�g0) we �rst derive the strong-
oupling expansion for the inverse, and invert the resulting power series. The result is�(�g0) = 0:6264612502473953� 0:2094930499887895=�g!0 + 0:3174116223980956=�g2!0 � 0:4674929704457459=�g3!0+0:6755577434122434=�g4!0 � 0:961768075384486=�g5!0 + 1:35507538545696=�g6!0 : (76)Changing again to the variable x = x(�g0), and reexpanding up to the order x6, we obtain the 
onvergent series�(x) = 0:6264612502473953� 0:2094930499887895x+ 0:1487697171571201x2� 0:1086595778647923x3+0:07115354531150436x4� 0:04710070728711805x5+ 0:0316053426101743x6: (77)A plot in Fig. 11 is on
e more indistinguishable from the previous 
urve for all �g0. At x = 1, this series gives now0.5127 whi
h is only two per
ent larger than the free-�eld value 1/2.By inverting the series (75), we �nd x as a fun
tion of the deviation ��g � �g� �g� of the renormalized 
oupling fromits strong-
oupling value �g�:x(�g) =�0:4962591933798516��g+ 0:1088027548080915��g2�0:02817579418977608��g+ 0:005412315522686147��g4+0:00005845448187202598��g5�0:0006265703321966366��g6+ 0:0002698406382563225��g7: (78)After inserting this into (77), we obtain the 
riti
al exponent � as a power series in:�(�g) = 0:6264612502473953+ 0:1039628520061216��g+ 0:01384457142352891��g2+ 0:003117046054051534��g3+0:0003684746290205897��g4+ 8:64736629778199� 10�5��g5 � 7:632599338747235� 10�6��g6: (79)11



In the weak-
oupling limit, this is equal to 0:50039 rather than the exa
t 1=2.We now turn to 
(�g0), for whi
h the initial strong-
oupling expansion (8) reads
(�g0) = 1:400036164909792� 2:015076019427151=�g!0 + 2:512390732560552=�g2!0 � 2:903034628806387=�g3!0+3:123423917471507=�g4!0 � 3:108796470872297=�g5!0 + 2:844130229268904=�g6!0 � 2:38207097645026=�g6!0 ; (80)whi
h goes over into the following 
onvergent new strong-
oupling expansions in the variables x and ��g:
(x) = 1:234453309456454� 0:3495068067938822x+ 0:1754449364006056x2�0:07496457184890283x3+0:01553288625746019x4� 0:0007559094604789874x5� 0:00005490359805215839x6 (81)
(�g) = 1:234453309456454+ 0:1734459660202996��g+ 0:005180080229495593��g2+ 0:00006337529084873493��g3+7:604216767658758� 10�6��g4 + 0:00003970285111914907��g5� 0:00006597501217820878��g6 (82)Combining these with (76), (77), and (79), we derive from the s
aling relation � = 2�
=� the 
orresponding expansionsfor �:�(�g0) = 0:02948177725444778� 0:101048653404458=�g!0 + 0:2354470919307273=�g2!0 � 0:452249390223013=�g3!0+0:7620101849621524=�g4!0 � 1:160617256113553=�g5!0 + 1:627651002530155=�g6!0 ; (83)�(x) = 0:02948177725444778� 0:101048653404458x+ 0:1541029259401388x2� 0:1465926820210476x3+0:0958727624055483x4� 0:04186840682453081x5+ 0:01220597704767396x6; (84)�(�g) = 0:02948177725444778+ 0:05014632323061653��g+ 0:02695704683941055��g2+ 0:004121619548050133��g3�0:00038235521822759��g4+ 0:00001736700551847262��g5+ 0:0000435880986255714��g6: (85)The weak-
oupling limits of these expansions are 
(x = 0) = 1:00015; 
(�g = 0) = 1:00092 rather than the exa
t 1,and �(x = 0) = 0:0025; �(�g = 0) = 0:00043 rather than the exa
t 0. The expansions for �(x) 
onverge rather slowly,so it is preferable to do 
al
ulations involving � by repla
ing it by � = 2� 
=� and using the expansions for 
 and �without reexpanding the ratio 
=�. Then the plots of the 
onvergent expansion for 
(x) and of �(x) are found on
emore to be very 
lose to the plots of the 
orresponding full sixth-order approximations in Figs. 11 and 12.It is now easy to give 
onvergent expansions for the full m0 dependen
e of the renormalization fa
tors. From (58)we see that �2�20 = exp�Z �g00 d�g00�g00 �(�g00)� = exp �Z 1x dx0x0 �(x0)f(x0)� ; (86)m2m20 = exp�� Z �g00 d�g00�g00 �m(�g00)� = m2g20 exp�� Z 1x dx0x0 �m(x0)f(x0) � : (87)where we have introdu
ed the fun
tionf(x) � � d log xd log �g0 = ! 1� x1� (1� !)x : (88)After a subtra
tion of the logarithmi
 divergen
e of the integrals at x = 0, these 
an be rewritten as�2�20 = x�=!e�I(x); m2m20 = x�m=!e�Im(x); (89)where I(x) and Im(x) are the �nite integralsI(x) = Z 1x dx0x0 � �(x0)f(x0) � �!� ; Im(x) = Z 1x dx0x0 ��m(x0)f(x0) � �m! � : (90)The integral Im(x) 
an readily be performed using a power series for �m(x) obtained from (77) via �m(x) = 2���1(x).The result isIm(x) = 0:3023858220717581� 0:3374211153180052x+ 0:05257791758557147x2� 0:02006073290035280x3+0:002720917209250741x4� 0:0001454953425150762x5� 0:00005731330570724153x6: (91)12



By 
ombining the se
ond equation in (89) with (74) written asm2g20 = x2=!(1� x)�2; (92)we �nd m20g20 = x1=�!(1� x)�2eIm(x): (93)In the weak-
oupling limit x ! 1, the integral vanishes and the renormalized mass approa
hes the bare mass. Inthe strong-
oupling limit x ! 0, on the other hand, Im(x) be
omes a 
onstant and we obtain on
e more the s
alingrelation m / (m20)� . To study the 
rossover from the weak to the strong-
oupling behavior in a way whi
h makes
onta
t with 
riti
al phenomena, we introdu
e the Ginzburg temperature interval �TG within whi
h 
u
tuations areimportant. and set m20g20 � T � T
�TG � �: (94)A doubly logarithmi
 plot of the inverse square 
oheren
e length ��2 / m2=g0 in Fig. 13 shows then the slope 
hangesfrom the free-�eld value 1 at large temperatures to 2� near the 
riti
al temperature T
. Similar 
rossover plots existfor all observable quantities in this �eld theory.Finally, we use the series (75) for �g(x) to 
al
ulate the beta-fun
tion whi
h plays an important role in the renor-malization group approa
h to s
aling (in 
ontrast to our expli
it theory). By de�nition, we obtain it as a fun
tion ofx from the logarithmi
 derivative of �g(�g0) [
ompare (53)℄�(x) = ��g0 d�gd�g0 = f(x) �g0(x); (95)the result being�(x) = �1:622136195638856x+ 2:73912944193321x2� 1:676962833531292x3+ 0:5230145612386834x4+0:1405773254892622x5� 0:06197010583664305x6� 0:06200066522622774x7: (96)The 
onvergen
e of this strong-
oupling expansion is seen by going to the weak-
oupling limit x = 1 where �(1) =�0:0046 rather than the exa
t value 0. Expressing x as a fun
tion of �g via (78), we obtain�(�g) = 0:805��g+ 0:4980812505494033��g2� 0:04513957559397346��g3� 0:002836436593862963��g4+0:000811067947065738��g5+ 0:002150487674009535��g6� 0:002024061592617085��g7 (97)whi
h is plotted in Fig. 14. From this we 
an derive the fun
tion !(�g) by a simple derivative with respe
t to �g.!(�g) = 0:805+ 0:996162501098807��g� 0:1354187267819204��g2� 0:01134574637545185��g3 (98)+0:004055339735328691��g4+ 0:01290292604405721��g5� 0:01416843114831959��g6At �g = �g�, it has the value 0:805, as it should. In the weak-
oupling limit g = 0, it is equal to �:984, very 
lose tothe exa
t value �1.As a 
he
k for the 
onsistent a

ura
y of our expansion pro
edures we 
al
ulate ! on
e more from! = � �g0�(�g) d�(�g)d�g0 = f(x) x�(x)�0(x): (99)After expressing x in terms of ��g we obtain a series with 
oeÆ
ients very 
lose to those in (99), with only a slightlyworse weak-
oupling limit �1:08 rather than �1.
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TABLE II. Our 
riti
al exponents in 
omparison with those obtained by Pad�e-Borel resummation as 
ompiled in Ref. [12℄(supers
ript a), as well as earlier results indi
ated by subs
ripts b{e. They refer to six-loops expansions in D = 3 dimensions(b 2 [11℄, 
 2 [21℄), or to �ve-loop expansions in � = 4 �D (d2 [22℄, e2 [23℄). For ea
h of our results we give the sixth-orderapproximation in parentheses to show the amount of extrapolation.n g
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FIG. 1. Image of the left-hand 
ut in the 
omplex ĝ0-plane for q = 3.
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theories with n = 0; 1; 2; 3; : : : . They are the 
riti
al exponents observable in the approa
h to s
aling of the se
ond-orderphase transitions in per
olating systems, Ising magnets, super
uid Helium, and the 
lassi
al Heisenberg model. The points are�tted by expressions !� b e�
N1�! (dashed line), determining by extrapolation the limiting values indi
ated by the horizontallines, whi
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al behavior. The dotted line shows the free-�eld limit with unit slope, the dashed line the strong-
oupling limit with slope2� � 1:252.
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FIG. 14. Plot of the 
onvergent strong-
oupling expansion (97) for the beta fun
tion �(�g). The slope at the zero is the
riti
al exponent ! = 0:805. Note that the fun
tion 
onverges well also at weak 
ouplings. The 
urve isses the 
oordinate originonly by a very small amount.
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