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Using functional derivatives with respect to free propagators and interactions we derive a closed
set of Schwinger-Dyson equations in quantum electrodynamics. Its conversion to graphical recursion
relations allows us to systematically generate all connected and one-particle irreducible Feynman
diagrams for the n-point functions and the vacuum energy together with their correct weights.

I. INTRODUCTION

In quantum field theory, the calculation of physical quantities usually relies on evaluating Feynman integrals which
are pictured by diagrams. Each diagram is associated with a certain weight depending on its topology. There exist
various convenient computer programs, for instance FeynArts [1-3] or QGRAF [4,5], for constructing these diagrams
and for determining their weights in different field theories, Some of them are based on a combinatorial enumeration
of all possible ways of connecting vertices by lines according to Feynman’s rules. Others use a systematic generation of
homeomorphically irreducible star graphs [6,7]. The latter approach is quite efficient and popular at higher orders, it
has, however, the conceptual disadvantage that it renders at an intermediate stage numerous diagrams with different
vertex degrees which have to be discarded at the end.

A more systematic and physical approach to construct all Feynman diagrams of a quantum field theory was pro-
posed a long time ago [8,9]. It is based on the observation that the complete knowledge of the vacuum energy
implies the knowledge of the entire theory (“the vacuum is the world”) [10,11]. In this spirit, all vacuum diagrams
are initially generated by a recursive graphical procedure. This procedure is derived from a functional differential
equation involving functional derivatives with respect to free propagators and interactions. In a subsequent step,
the n-point functions are found graphically by applying the functional derivatives to the vacuum energy. Recently,
this approach was used to systematically generate all connected and one-particle irreducible Feynman diagrams of
the euclidean multicomponent scalar ¢*-theory both in the disordered, symmetric phase [12] and in the ordered,
spontaneously broken-symmetry phase [13,14] (see also the related work in Ref. [15]). The approach was also applied
to QED [16] and scalar QED [17] to construct the connected Feynman diagrams. In contrast to the conventional
generating functional technique [18-23], no external currents coupled to single fields are used, such that there is no
need for introducing Grassmann sources for fermion fields. An additional advantage is that the number of derivatives
necessary to generate a certain correlation function is half as big as with external sources.

The purpose of the present paper is to develop a modification of the approach in Ref. [24] for QED. Rather than
starting from vacuum diagrams as elaborated in Ref. [16], we generate the Feynman diagrams of n-point functions
directly and find that they obey an infinite hierarchy of coupled Schwinger-Dyson equations [18-23]. We show that
using functional derivatives with respect to the free propagators and the interaction allows to close these Schwinger-
Dyson equations functionally. In this way we obtain in Section II a closed set of equations determining the connected
electron and photon two-point function as well as the connected three-point function. Analogously, we derive in Section
IIT a closed set of equations for the electron and photon self-energy as well as the one-particle irreducible three-point
function. In both cases, the closed set of Schwinger-Dyson equations can be converted into graphical recursion
relations for the connected and one-particle irreducible Feynman diagrams. From these follow the corresponding
vacuum diagrams by short-circuiting external legs.



II. CONNECTED FEYNMAN DIAGRAMS

Following the short-hand notation introduced in Ref. [16], the action of QED in euclidean spacetime reads
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where 1,1 denote the electron fields and A stands for the photon field. For brevity, we omit all spinor or vector
indices of the fields and indicate their spacetime arguments by simple number indices, i.e., 1 = 1,2 = z2,... and
J; = [d*z1. Throughout the paper we assume that the current J, the electron kernel S, the photon kernel D™,
and the interaction V' are completely general non-singular functional matrices and their physical values for QED are
inserted only at the end. By doing so, we regard the action (2.1) as the functional

Al Al = Ay, A J, 871 DLV (2.2)

The same functional dependences are inherited by all field-theoretic quantitites derived from it. In particular, we are
interested in studying the functional dependence of the partition function, which is defined by a functional integral
over a Boltzmann weight in natural units
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<¢n—2 e ¢47/}1,(/_}21/_J5 e QanlABAG e An>[Ja 5717 Dila V]
1 _ o A gS—1 D
= fpwpzwm/;n_z a1 o5 . . o1 AgAg ... Ap e AlPATSTLDTLV] (2.4)

By expanding the functional integrals (2.3) and (2.4) in powers of the interaction V', the expansion coefficients of the
partition function and the n-point functions consist of free-field expectation values. These are evaluated with the help
of Wick’s rule as a sum of Feynman integrals, which are pictured as diagrams constructed from lines and vertices. To
illustrate the current we use the symbol
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As usual, a straight line with an arrow represents a free electron propagator
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and a wiggly line indicates a free photon propagator
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Both propagators are inverse functional matrices of the corresponding kernels in the action (2.1):
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A three-vertex represents the interaction potential:
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In this section we generate the subset of connected Feynman diagrams contributing to the partition function (2.3)
and to the n-point functions (2.4) together with their weights. To this end we introduce in Subsection IT A functional
derivatives with respect to the graphical elements J, S~%, D!, V of the Feynman diagrams. With these we derive in
Subsection II B a closed set of Schwinger-Dyson equations determining the connected n-point functions. In Subsection
II C they are converted into graphical recursion relations for the corresponding connected Feynman diagrams. Finally

the connected vacuum diagrams contributing to the vacuum energy are constructed in a graphical way in Subsection
IID.



A. Functional Derivatives

Fach Feynman diagram of QED will be considered as a functional of the quantities characterizing the under-
lying field theory, the electron kernel S—!, the photon kernel D!, the interaction V, and an current J. Following
Refs. [12-14,17,16] we introduce in this subsection functional derivatives with respect to these, identify their associated
graphical operation and derive fundamental field-theoretic relations between them.

1. Graphical Representation

We start by studying the functional derivative with respect to the current J, which fulfills the identity
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To represent this graphically, we represent the é-function on the right-side by extending the elements of Feynman
diagrams by an open dot with two labeled wiggly line ends
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and picture the identity (2.11) graphically as follows
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which leaves the spatial index at the line end to which the current was connected.

Since the photon field A is bosonic, the kernel D! is a symmetric functional matrix obeying D5 = D,,'. This
property is taken into account when performing functional derivatives with respect to the photon kernel D~! with
the basic rule
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From the identity (2.9) and the functional chain rule of differentiation we find the derivative of the free propagator:
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Thus, differentiating a photon propagator with respect to the kernel D~! amounts to cutting the associated wiggly

line into two pieces. The differentiation rule (2.14) ensures that the spatial indices of the kernel are symmetrically
attached to the newly created line ends. When differentiating a general Feynman integral with respect to D!, the
product rule of functional differentiation leads to a sum of diagrams in which each photon line is treated in this way.

We now study the graphical effect of functional derivatives with respect to the photon propagator D, where the
basic differentiation rule reads
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This is graphically written as follows:
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Thus differentiating a wiggly line with respect to the photon propagator removes the wiggly line, leaving in a sym-
metrized way the spatial indices of the wiggly line and the photon propagator.

Setting up functional derivatives for electrons is different from the photon case, since the electron kernel S—! is not
symmetric. The functional derivative is simply
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From a differentiation of the identity (2.8), we find
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states that differentiating an electron propagator with respect to the kernel S~ amouts to cutting the associated
straight line with an arrow once.

As in (2.19) the functional derivative with respect to the electron propagator S reads
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0534
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By analogy with (2.12), we represent a §-function by an open dot with two labeled straight line ends with arrows
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so that the differentiation rule (2.22) has the graphical form
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Thus differentiating an electron line with respect to the electron propagator removes the line, leaving the spatial
indices of the electron propagator at the vertices to which the straight line with an arrow was connected.

The functional derivative with respect to the interaction V is defined by
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Thus, differentiating a 3-vertex with respect to the interaction removes this vertex, leaving the spatial indices of the
interaction at the line ends to which the vertex was connected.

2. Field-Theoretic Identities

With the help of these graphical operations, products of fields can be rewritten as functional derivatives of the
action (2.1). Thus we obtain
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as follows from (2.11), (2.14), (2.19), and (2.25). Applying these derivatives to the integrands of the functional
integrals (2.4) for the n-point functions, they can be determined from functional derivatives of the partition function
(2.3) or its logarithm, the vacuum energy
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Thus we obtain the derivative rules
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which follow from the functional integral (2.3) for the partition function and (2.27) (2.31). Thus there exist different
ways of obtaining all diagrams of the n-point functions from the connected vacuum diagrams. From (2.34) and (2.36)
we read off that, for instance, the diagrams of the photon two-point function follow either from cutting a photon line
or from removing two currents of the connected vacuum diagrams in all possible ways. Consider as an example the
vacuum energy for a vanishing interaction V', which follows directly from the functional integral according to (2.1),
(2.3), and (2.31)
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where the trace of the logarithm of a kernel K ! = §~!, D™ is defined by the series [25, p. 16]
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The free photon two-point function can be determined by applying functional derivatives to (2.38) either with respect
to the photon kernel D! or with respect to the current J. In both cases we obtain

<A1A2>(free) = D12 + D13D24J3J4 . (240)
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Similar relations follow for the connected n-point functions which are defined as
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resulting in the following derivative rules for W:
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From (2.47) we read off that, for instance, cutting a photon line of the connected vacuum diagrams in all possible ways
also leads to connected and disconnected pieces. The latter are removed by the term A] AS, leading to the diagrams
contributing to the connected photon two-point function Dj,. For later purposes we note that the connected three-
point function (2.48) may be rewritten as

. 52W

= — 2.49
123 552,11(”3 ( )

This follows from the compatibility relation (2.37) as well as from (2.45) and (2.46).

B. Closed Set of Schwinger-Dyson Equations for Connected n-Point Functions

We now apply the above functional derivatives to certain trivial functional identities which immediately follow from
the definition of the functional integral. By doing so, we derive a closed set of functional equations determining the
connected electron and photon two-point function as well as the connected three-point function.

1. Connected FElectron Two-Point Function
Consider the functional identity
fDQ/JDz/JDA 5 {zpz oAl A S D‘Wl} —0, (2.50)

which follows by functional integration from the vanishing of the exponential at infinite fields. Performing the
functional derivative in the integrand and taking into account the action (2.1) leads to
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Replacing the fields A4 and 1,103 by functional derivatives with respect to the current .J; and the electron kernel 52_31
using (2.27) and (2.28), respectively, the equation can be expressed in terms of the vacuum energy W by using (2.3)
and (2.31) as
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The functional derivative with respect to the current J in the last term can be eliminated with the help of the second
functional identity



?{ D&DwDAé%le*A[WyA%LS’“D’I7‘4 =0. (2.53)

After differentiating the action (2.1) in the exponential, we find
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Inserting this into (2.52), we obtain
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Taking into account the definitions of the connected electron two-point function (2.46) and the connected three-point
function (2.49), this equation reduces to the Schwinger-Dyson equation for S°:
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In order to represent this graphically, we extend the elements of Feynman diagrams by a symbol for the fully interacting
connected electron two-point function
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and a three-vertex with an open dot representing the fully interacting connected three-point function
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With this, the Schwinger Dyson equation (2.57) reads graphically
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2. Connected Photon Two-Point Function

Now we determine in a similar way the connected photon two-point function. To this end we consider the third
functional identity
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Substituting products of fields according to the equations (2.27), (2.29), and (2.30), we obtain
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Taking into account the definitions of the connected photon two-point function (2.47), the connected electron two-
point function (2.46) and the connected three-point function (2.49), the functional derivative with respect to the
current J is eliminated by using (2.55). In this way we result in the Schwinger-Dyson equation determining D°®:
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Extending the elements of Feynman diagrams by a symbold for the fully interacting connected photon two-point
function
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this Schwinger-Dyson equation reads graphically
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8. Connected Three-Point Function

The iteration of the integral equations (2.60) and (2.66) for the connected electron and photon two-point function
S¢ and D¢ requires the knowledge of the connected three-point function G°. Therefore we evaluate (2.49) further by
inserting (2.55):
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Taking into account the definition of the connected electron two-point function (2.46) and the functional chain rule
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this equation leads to a functional integrodifferential equation for the connected three-point function
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so that the diagrams of the connected three-point function follow from those of the connected electron two-point
function by inserting a three-vertex in an electron line in all possible ways. Thus the closed set of Schwinger-Dyson
equations is given by (2.60), (2.66), and (2.70).

C. Graphical Recursion Relations

Now we demonstrate how the diagrams of the connected electron and photon two-point function as well as of the
connected three-point function are recursively generated in a graphical way. To simplify the discussion we restrict
ourselves to the case of a vanishing external current, so that we can neglect the last term in (2.60). Performing a loop
expansion of the connected electron and photon two-point function
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as well as for the connected three-point function
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we obtain from (2.60), (2.66), and (2.70) the following closed set of graphical recursion relations:
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At first we evaluate the amputation of one electron line from (2.77),
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and insert this into (2.76) to obtain the connected three-point function for [ = 0:
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With this we get from (2.74) and (2.75) the one-loop contribution to the connected electron and photon two-point

function:
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we find the one-loop contribution to the connected three-point function:
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Thus we obtain from (2.74) and (2.75) the two-loop connected two-point function of the electron

and of the photon
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(2.86)
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From the Feynman diagrams of the connected electron and photon two-point function as well as the connected three-
point functiongenerated so far, we read off a simple rule for their weights. They are given by (—1)! with I/ being the
number of electron loops [16]. The same Feynman diagrams have been obtained in Ref. [16] by amputating lines or
vertices in the connected vacuum diagrams.

D. Connected Vacuum Diagrams

The connected vacuum diagrams of QED can be generated together with their weights in two different ways. First,
they can be constructed from the above diagrams of the connected electron and photon two-point function as well
as the connected three-point function. Second, we derive from the above functional identities a nonlinear functional
differential equation for the vacuum energy and convert it into a graphical recursion relation which directly generates
the connected vacuum diagrams as in Ref. [16].



1. Relation to the Diagrams of the Connected n-Point Functions

After having iteratively solved the closed set of graphical recursion relations (2.74)—(2.76) for the diagrams of the
connected electron and photon two-point function as well as of the connected three-point function, the corresponding
connected vacuum diagrams can be constructed loopwise as follows. Going back to the defining equations (2.46)
(2.48) for S¢, D, G°, we obtain with (2.45), (2.55), and the functional chain rule (2.68) three functional differential
equations for the vacuum energy:
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where the first term on the right-hand side of (2.90) and (2.91) pictures the closing of the external legs of the connected
electron and photon two-point function, respectively. All three equations have in common that the terms on the left-
hand side count the number of a graphical element of each connected vacuum diagram. Indeed, when performing the
operation [dE§/SE with E =S, D,V the functional derivative §/§E removes successively an electron line, a photon
line, or a three-vertex in all possible ways, which is subsequently reinserted by the integration [ dE.

If the interaction V' vanishes, the Egs. (2.90)—(2.92) are solved by the free contribution to the vacuum energy (2.38)
with the graphical representation

Wi — () %ij'*%>m< , (2.93)

due to (2.77) and (2.78). For a nmon-vanishing interaction V, the Eqgs. (2.90)—(2.92) produce corrections to (2.93)
which we shall denote with W), Thus the vacuum energy W decomposes according to

W = yyfree) o py(int) (2.94)
In the following we recursively determine W () in a graphical way for a vanishing external current, so that we can

neglect the last two terms in (2.91) and the last term in (2.92). Performing a loopwise expansion of the interaction
part of the vacuum energy

W) =3 "W, (2.95)
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we use the following eigenvalue problems for [ > 2:
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With these we explicitly solve (2.90)-(2.92) for the expansion coefficients W) and obtain for [ > 2:
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Inserting (2.77)—(2.86) for the lower loop contributions of the connected electron and photon two-point function as
well as the connected three-point function in one of the equations (2.99) (2.101), we find the vacuum energy for two
loops
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and for three loops
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2. Graphical Recursion Relation

Each of the three functional differential equations for the vacuum energy (2.87)—(2.89) can be used to derive a
graphical recursion relation which directly leads to the connected vacuum diagrams. Here we restrict ourselves to
the functional differential equation (2.87) which is based on counting the number of electron lines of the connected
vacuum diagrams. Inserting the Egs. (2.46), (2.57), and (2.69) for the connected electron two-point function and the
connected three-point function, we obtain from (2.87) via the functional chain rule (2.68)

oW 52w oW W oW
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11/1 /12 12 551_21 193456 123 V456 V36 {651_2165'4_51 65’1_21 554_51 1934 1234734 465'1_21 ( )

If the interaction V vanishes, this equation is solved by the free vacuum energy (2.38) which has the functional
derivatives

(free) 21y (free)
5L = % == —S24S51 . (2105)
12 45

For a non-vanishing interaction V', the right-hand side of (2.104) corrects (2.38) by the interaction part of the vacuum
energy W), Inserting the decomposition (2.94) into (2.104), and using (2.105), we obtain together with the
functional chain rule (2.68) the following functional differential equation for the interaction part of the vacuum
energy:
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Its graphical representation is
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As before, we illustrate the graphical recursive solution only for a vanishing external current so that we can drop
the last two terms in (2.107). Thus inserting the loop expansion (2.95) and using the eigenvalue problem (2.96), we
obtain a graphical recursion relation for the expansion coefficients W of the vacuum energy for I > 3 [16]:

1 1 5”7(171) 1 5”7(l71)
wh = - —— - { < -
I —1 G: 2 )1-—<2 J1—<—2

2

1 -2
1 s2 -1 1 SW (k) 1 3 SW(—k)
+ = 2 OW 7 = W owr — : (2.108)
2 3 §1—=<203-—=14 2 01——2 034
4 k=2 2 4

They are solved starting from W2 in (2.102). We start with the amputation of one or two electron lines in (2.102):

SW® | 1 S2W @ : i
§1—<—2 2>MAO 723} " §1—=<—203——4 i 73 ' (2.109)

Inserting (2.109) into (2.108), we reobtain the three-loop contribution of the vacuum energy from (2.103). The
corresponding calculation of the four-loop correction W®*) leads altogether to 20 connected vacuum diagrams:

Q)0 1@ D) AN
S8 G - @o s ro - o
w3 D - OO0 3 OO0 - OO0

=
| =
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From the vacuum diagrams (2.102), (2.103), and (2.110), we observe a simple mnemonic rule for the weights of the
connected vacuum diagrams in QED [16]. At least up to four loops, each weight is equal to the reciprocal number
of electron lines, which are generated by cutting the same electron two-point diagrams. The sign is given by (—1)!,
where [ denotes the number of electron loops. Let us also note that the total weight, which is the sum of all weights
of the connected vacuum diagrams in the loop order under considertation, vanishes in QED. These simple weights
are a consequence of the Fermi statistics and the three-vertex of the interaction in (2.1). The weights of the vacuum
diagrams in other theories, like ¢*-theory [12-14,26], follow more complicated rules.

III. ONE-PARTICLE IRREDUCIBLE FEYNMAN DIAGRAMS

So far, we have generated all connected Feynman diagrams of QED. We now eliminate the one-particle reducible
Feynman diagrams. This is done as usual with the help of a functional Legendre transform with respect to the
current which we introduce in Subsection III A. With this we derive in Subsection IIIB a closed set of Schwinger-
Dyson equations for the one-particle n-point functions. In Subsection III C they are converted into graphical recursion
relations for the corresponding one-particle irreducible Feynman diagrams needed for renormalizing QED. Finally, the
one-particle irreducible vacuum diagrams are constructed graphically in Subsection IIID.

A. Functional Legendre Transform With Respect to the Current

We set up the functional Legendre transform with respect to the current which converts the vacuum energy W to
the effective energy of the first kind I';. In particular, we investigate the respective functional derivatives of W and
I'; and the field-theoretic relations between them.

1. Effective Energy of the First Kind

Starting from the vacuum energy W[J, S~ D=1 V] we introduce the new field

SWI[J, 81, D1, V]

Ai[JasilaDilav] = s (31)
6.1 S-1.D-1V
which implicitly defines J as a functional of A®:
Jy = J1[A¢, ST, D7 V. (3.2)

From Eq. (2.45) we read off that A® coincides with the field expectation value of the photon in the presence of the
current .J. The functional Legendre transform of the vacuum energy W[J, St D=1, V] with respect to the current J
results in the effective energy of the first kind

W [J[AS, S, D=1 V],S7, D1, V]
0J1]AC, S~ D1 V]

[Ac, S, D71 V] :/Jl[AC,S_l,D‘l,V]
1 s-1,p-1,v
-Ww [J]A°, 87, D7 V], ST, D7 V], (3.3)

which simplifies due to (3.1):
A, S D V] = /Jl[AC,Sfl,Dfl,V]A‘; -~ W [JA, s~ D V], s, D" V]. (3.4)
1
Taking into account the functional chain rule, it leads to the equation of state

14



ST1[AS, S~1, D71 V]
6 AT 5-1,D-1,v

= Ji[A%, S 1, D1 V]. (3.5)

Performing a loop expansion, the contributions to the effective energy of the first kind (3.4) may be displayed as
one-particle irreducible vacuum diagrams which are constructed according to the Feynman rules (2.6), (2.7), and
(2.10). In addition, a dot with a wiggly line represents the field expectation value of the photon

——1 = AS. (3.6)

If the interaction V' vanishes, the vacuum energy (2.38) leads with (3.1) to the field expectation value
AS[J, 87, D710 = /2D12J2 , (3.7)
which is inverted to give
J1[A, S, D 0] = /Dl_21A§ , (3.8)
2
leading to the free effective energy of the first kind:
r{f —1,[4° 5~ D10 = - TrinS~" + % Trin D' + %/12 DitASAS. (3.9)

Its graphical representation is

T - () % O _% — (3.10)

In order to investigate in detail the field-theoretic consequences of the functional Legendre transform of the first kind,
it is advantageous to start with the effective energy of the first kind I';[A°, S, D~!, V] and to introduce the current
J via the equation of state (3.5). This implicitly defines the field expectation value of the photon as a functional of
the current, i.e.

AS = AS[J, 87, DN V. (3.11)
Thus the vacuum energy is recovered by the inverse functional Legendre transform

WI[J, S, D1 V] :/JlAg[J,Sfl,Dfl,V] ~ Iy [A°), 87 D v, s, DL V], (3.12)
1

With this we derive useful relations between the functional derivatives of the vacuum energy W and the effective
energy of the first kind I'y, respectively.

2. Functional Derivatives

Taking into account the functional chain rule, the first functional derivatives of the vacuum energy W read (3.1)
and

SWIJ,S~1, D1, V] 0Ty [A°[J, 871, D=1, V], 871, D=1, V]
ik __ - , (3.13)
5512 J,D-1,V 5S12 A°,D-LV
SW[J, 871, DL, V] _ 0T [AS[1,S7L DL V] ST DL Y] (3.14)
5D;21 J,S—1 vV 5D;21 A° . S-1V 7
SWI[J,81, D1, V] N [A°, ST DLV ST DLV (3.15)
V123 J,5-1,D-1 0Vazg A°,5-1,D-1 | .
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To evaluate second functional derivatives of the vacuum energy W is more involved. First, we observe

-1
slpl,v)

—1

S2W[J,S°1, D1, V]
573071

SAS[J, S, D71 V]
S$-1,D-1V 0.J2 S-1,D-LV

_ (M[AC[J, S~1,D"L,V],5~1, D1, V]

3AS[J, 5=, D-1,V]

5°Ty [A°[J,871, D=1, V], =1, D=L, V]
SAS[J, 51, D1, VIDAS[J,S—1. D1, V]

, (3.16)

S—1 D=1V

where we have used (3.1), (3.5), and the fact that the derivative of a functional equals the inverse of the derivative of
the inverse functional. To precise the meaning of relation (3.16), we rederive it from another point of view. Considering
the functional identity

8y [A°[J,S 1, D1, V], 51, D1 V]
5.

=612, (3.17)
S-1.,D-1V

we apply the functional chain rule together with (3.1) and (3.5). Thus we result in

§2W[J,S~1, D1, V]
5730

5T, [A°[J, 81, D1, V],8" 1, D1,V
/ 1 [A°] V] ] e (3.18)
3

5AS[J, 5=, D=1, V]sAS[J, 51, D=1, V]

S—1,D-1,V S-1,D-1,V

which coincides with (3.16). Furthermore we obtain from (3.13) by applying again the functional chain rule and
relation (3.16):

-1

5 <5W[J,51,D1,V] ) __/ 82Ty [A°[], 81, D1, V], 571, D1, V]
J,Dil,V Sil,Dfl,V 4

A 555" 0AG[J,S1, DL VISALL, S DLV
) 6Ty [A°[J,S~1, D71, V],S71, D71, V]]
X ST o1 )= — (3.19)
SAS[J,S-1, D1, V] 58S

A¢, DLV S-1,D-1Vv

8. Field-Theoretic Identities

Performing the functional Legendre transform with respect to the current, the compatibility relation (2.36) between
functional derivatives with respect to the current J and the photon kernel D~! yields

—ACAS (3.20)

0ASOAS A°.D-1,V

62 (A%, 871, D1 V]
5Dy

1
-9 6F1[A07‘S’717D71: V]
S-1,D-1,v

due to (3.1), (3.14), and (3.16). In a similar way, the compatibility relation (2.37) between functional derivatives with
respect to the current J, the electron kernel S™1, and the interaction V is converted using (3.1), (3.13), (3.15), and

(3.19) to
-1
/5 6T1[A°, S, D1, V] 0°T4[A% S~ D1 V]
4 0AY 5S35 asp1v/) g1 pay 0A30A] 5-1,D-1,v

ST1[AS, S L, DLV
_ ST ] A5 (3.21)
123 A° D1V

_dn[A%, 51D LV

—1
A€,5=1,D1 0515

The functional Legendre transform has also consequences for the connected n-point functions (2.46)—(2.48). Taking
into account (3.1) and (3.13)—(3.15), we obtain
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S =~ 5o1 (3.22)
21
C 5F C C
DS, =2 Fjl — ASAS, (3.23)
12
c 5F1 c c
123 = — m - 12A3- (3-24)

From (3.23) we read off that, for instance, cutting a photon line of the one-particle irreducible vacuum diagrams in
all possible ways leads to the diagrams contributing to the connected two-point function DY,.

The connected n-point functions are related to the one-particle irreducible n-point functions. The electron and
photon self-energy, which we shall denote by 3¢ and 37, is defined according to

Y =5, —Sh Y, (3.25)
Y= Dy, - Diy Y, (3.26)

where S, and DS, represent the inverse of the propagators SS, and D$,, respectively:

/55253:;1 =013, (3.27)
2

/ DS,DS ! = 65 (3.28)
2
Due to (3.25) and (3.26) the connected electron and photon two-point functions follow from the Dyson equations

ST =512+ [ Si13¥5,5%, . (3.29)
34

D3, = Dis + y D333, DS, . (3.30)

Representing the self-energies 3¢ and »7 by a two-vertex with a big open dot
1=<Q<2 = X, (3.31)
1~0~2 = X, (3.32)

the Dyson equations (3.29) and (3.30) read graphically

l—e—2 = 12+ 1 <02 , (3.33)
lvaman2 = 12 + 1 Omn2 . (3.34)
The one-particle irreducible three-point function 7 is defined by
o= [ 8185 DSemie. (3.35)
456
Representing the one-particle irreducible three-point function 7 by a three-vertex with a big open dot
3
/é@\ = — T123, (336)
1 2
relation (3.35) is pictured by
3 3
/é\ = )é\ . (3.37)
1 2 1 2

For later purposes we note that the one-particle three-point function 7 may be also defined by
5,
— = S54SE 1 Ta53 3.38
551,21514% " 249517453 ( )
as follows from (3.20)—(3.22), (3.24), and (3.35).
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B. Closed Set of Schwinger-Dyson Equations for One-Particle Irreducible n-Point Functions

Now we calculate the effect of the functional Legendre transform with respect to the current upon the trivial
functional identities (2.52), (2.55), and (2.63) which immediately followed from the definition of the functional integral.
This leads to a closed set of equations determining the electron and photon self-energy as well as the one-particle
irreducible three-point function.

1. Electron Self-Energy

In order to determine the electron self-energy Y.¢, we start with the first functional differential equation (2.52) for
the vacuum energy W and perform the functional Legendre transform of the first kind defined in Subsection ITT A.
Inserting (3.1), (3.13), and (3.19) by taking into account the compatibility relation (3.20), we thus obtain

82T oI oI’y
0 ST 1% 2 — AJA; Visa A =0. 3.39
12 +/ s 552_3 + s 134652_315A§ { 3D 4 5} +/ 134 45523 (3.39)

With the definition of the connected electron and photon two-point function (3.22) and (3.23), as well as the one-
particle irreducible three-point function (3.38), we get

012 — /Sl_?)lsgz +/ ‘/134T567SEQS§5DZ7 —/ ‘/134S§2AZ =0. (340)
3 34567 34

This reduces to the Schwinger-Dyson equation for the electron self-energy (3.29)

Yl = V1347526 S35 D6 — /V123A§, (3.41)
3456 3

which graphically reads

102 = | I 2+1<L2 . (3.42)

2. Photon Self-Energy

The photon self-energy 37 follows in the same way from the third functional identity (2.63). We perform the
functional Legendre transform of the first kind by using (3.1), (3.13), (3.14), (3.19), and the compatibility relation
(3.20):

62F1 5F1 5F1
5o+ 2L 4c /D Y 7 {2 ACAC} / V: AS =0. 3.43
12 6A s 88510 AS oD, e (3.43)

The functional derivative with respect to the field expectation value A° in the second term can be eliminated by
performing the functional Legendre transform of the first kind in the second functional identity (2.55). by performing
the functional Legendre transform of the first kind. With (3.1), (3.5), and (3.13) we obtain

5T, / . 0T,
D:- 14C Vs 3.44
AT 12 e P g (3.44)

Inserting this into (3.43) leads to

2
b12 —/D13 { & ACAC} / Vaar ‘5_1F1 {2 5F_11 —AgAg} =0. (3.45)
a5 085, 0A% | 0Dy

Using once more the relations (3.23) and (3.38), we find
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12 — / D'DS, — / V17675556553 D55 = 0. (3.46)
3 34567
Thus the Schwinger-Dyson equation for the photon self-energy (3.26) reads

Xl = —/ V3417562563545 » (3.47)
3456
with the graphical representation

1~O—~2 = —1 O@ 2 . (3.48)

J

8. One-Particle Irreducible Three-Point Function

The iteration of the integral equations (3.42) and (3.48) for the electron and photon self-energy ¢ and X7 requires
the knowledge of the one-particle irreducible three-point function 7. To obtain this, we further evaluate (3.38) by
inserting (3.44). Thus the one-particle irreducible three-point function 7 follows from

521
= S5 1St ——— Viers.- 3.49
T123 /1567 14 52 585741556771 673 ( )

To express the right-hand side in terms of the electron self-energy, we apply a functional derivative with respect to
the electron kernel Si;' to the identity

/5223551 = b13, (3.50)
2
yielding
58551 o e 1088
2= */ 84 1S6 ot (3.51)
0S5 67 0545

so that we obtain together with (3.22)

68,1t e 0T
= :/ S5 'S oot (3.52)
0S5 67 8S15 0567
From (3.49) and (3.52) we conclude
5855
Ti23 = 1 Viss . 3.53
1o 350 (3.53)

Inserting (3.25) and using the functional chain rule (2.68), we finally arrive at a functional integrodifferential equation
for the one-particle irreducible three-point function

N
T123 = V123 +/ Vis3S64S57— (3.54)

b)
4567 0567

whose graphical representation is
3 3 01 <Q=2 4
N S >\ 5 (3.55)
dd——5
1 2 1 2 5

Thus the diagrams of the one-particle irreducible three-point function follow from those of the electron self-energy by
inserting a three-vertex in an electron line in all possible ways. Note that the graphical content (3.55) of the functional
integrodifferential equation (3.54) can be heuristically deduced from the local current conservation law of QED and
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its corresponding Ward identity (see, for example, the detailed discussion in Ref. [18]).

Another way to determine the one-particle irreducible three-point function follows from inserting the Schwinger-
Dyson equation for the electron self-energy (3.41) into (3.54). By doing so, we take into account

C

0S89,
/ 5145527453 :/ Se4S57 5 o 2 Viss (3.56)
45 4567

which is derived from (3.51), (3.53), and the functional chain rule (2.68). Thus we otain as an alternative functional
integrodifferential equation for the one-particle irreducible three-point function:

0D¢
Ti23 = V123 + / V1457627 Va3 S48 S50 D57 +/ B ‘/1457627‘/89332651859§F_5_7
Jas6789 45678912 13
57’ 7 c
+/ - Vs 552 Vo3 D5786518503 - (3.57)
456789 i3

Its graphical representation reads

113;\ ‘L +1*ﬁﬁ* :dcgj 552~:m:5 } ‘<4 2:& 8}3. (3.58)

Thus the closed set of Schwinger-Dyson equations is given by (3.42), (3.48), and (3.55) or (3.58) which have to be
supplemented by the Dyson equations (3.33), (3.34).

2

C. Graphical Recursion Relations

We now demonstrate how the diagrams of the connected electron and photon two-point function, the electron and
photon self-energy as well as the one-particle irreducible three-point function are recursively determined in a graphical
way, generating all one-particle irreducible Feynman diagrams which are needed for the renormalization of QED. To
simplify the discussion, we restrict ourselves to a vanishing field expectation value, so that we can neglect the last
term in Eq. (3.42). Performing a loop expansion of the connected electron and photon two-point function

l—e—2 = Z L , (3.59)
1=0

1wamn 2 = o 2 , (3.60)
1=0

of their corresponding self-energies

1<+O=2 = ;12 , (3.61)
1~O~2 = ;12 , (3.62)

as well as of the one-particle irreducible three-point function

3

1 /6\2 ; )‘\ : (3.63)

we obtain from (3.29), (3.30) (3.42), (3.48), and (3.55) or (3.58) the following closed set of graphical recursion relations:

8
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! —k
1. = Z 1 )2 : (3.64)
k=1
l —
Iwas = Z 1 W~@(iv:)2 , (3.65)

l Ivl 1 l kl ko— 1
12 — 7 (3.66)
]ﬁ 0 k2 0 ’“1
(I—k1—ko—1)
I l—ki—1
12 = - Z Zl 2, (3.67)
k1=0 ko=0
(k1)
and
3 1
e
1 2
or

(3.69)

These are solved starting from the zeroth-loop contribution to the connected electron and photon two-point function
(0)

1] —— 2 = ] —=—2 5 (370)
1y = e , (3.71)
and the one-particle irreducible three-point function
3 3
= i . (3.72)
1 2
1 2

First, we insert (3.70)—(3.72) into (3.66) and (3.67) to obtain the one-loop contribution to the electron and the photon
self-energy:

12 = 1<de2 (3.73)
12 = - 102 . (3.74)

With this we find from (3.64) and (3.65) the corresponding connected two-point functions in the one-loop order:

L, - v, , (3.75)

I~ns = — 1M<>Wz . (3.76)

Amputating one electron line from (3.73),

= (377)
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we determine from (3.68) the one-loop contribution to the one-particle irreducible three-point function

3 3
12 = b (3.78)

(3.79)

Using the Egs. (3.66) and (3.67), we then find the electron and photon self-energy with two loops:

=@ - ‘%‘ & + S, (3.80)
@ - D B B

The corresponding contributions to the connected two-point functions are according to (3.64) and (3.65):

U :1«%2—1 g% 2+14®+2+1 i Tie, o (382)
@) ‘<D_ _®‘ ﬁ- ek ped e (3.83)

1 ~Mrxrmr 2 =
Comparing (2.85) and (2.86) with (3.82) and (3.83) shows the graphical consequence of the functional Legendre
transform with respect to the current by the example of the connected two-point function. It systematically eliminates
the one-particle reducible diagrams carrying any kind of tadpol correction. The subsequent amputation of one electron
line in (3.80) leads to

4 5 4 5 4 5 4 5
-~ - W - - n m
d4—5 1 2 1 2 1 2 1 2

4 5 5
4 4
+ Gw( ° + + : (3.84)
2 1 1
1 2 2
so we find from (3.68) the one-particle irreducible three-point function with two loops

ﬁ ﬁ,*@*ﬁi
+‘°’ «@‘2+ ﬂ - @ (3.85)

1

As a consequence, we obtain from (3.66) and (3.67) the three-loop contribution of the electron self-energy

SO S s A (s e R SRt 3
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1 2 1 2 1
and of the photon self-energy
TR ORI S B S =
! 2 1 2 1 2 1 2
< I TS W o SRy
1 2 1 2 1 2 ! 2
- - - + + (3.87)
S0/ N ¢ NS NN < )

With this, the corresponding connected two-point functions for three loops follow from (3.64) and (3.65):
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D. One-Particle Irreducible Vacuum Diagrams

By analogy with the discussion of the connected vacuum diagrams in Subection II D, also the one-particle irreducible
vacuum diagrams of QED can be generated together with their weights in two different ways. First, we show that
they can be constructed from the diagrams of the electron and photon connected two-point function as well as the
one-particle irreducible three-point function which have already been determined in the previous subsection. Second,
we derive from the functional identities developed so far a nonlinear functional differential equation for the effective
energy of the first kind and convert it into a graphical recursion relation which directly generates the one-particle
irreducible vacuum diagrams.

1. Relation to the Diagrams of the One-Particle Irreducible n-Point Functions

After having iteratively solved the closed set of graphical recursion relations (3.64)—(3.68) for the electron and
photon self-energy and connected two-point function as well as the one-particle irreducible three-point function, the
corresponding loopwise one-particle irreducible vacuum diagrams can be constructed as follows. Going back to the
defining equations (3.22)—(3.24), we obtain with (3.35), with the functional chain rule (2.68) and its analogue

]

1 0
—_— =z D13D2s + D14Do3} —— 3.90
5T =3 [, (P + DDzl (390)

three functional differential equations for the effective energy of the first kind:

0T / 1
S = S5 895, 3.91
/12 125512 1 21 P12 ( )
o 1 _1 1/ _1
D =—- [ DI'DS, — = | DiLASAS, 3.92
/12 125D12 2 /s 12 H12 2 /1 12 411442 ( )
or
/ Vl235V1 =/ V1237'456S§4Sg1D§6_/ V12355, A5 (3.93)
123 123 123456 123

Their graphical representiations are
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S SR

<2 S1=2 N (3.94)
Rt R s

{2 12 5 T (3.95)
S ~
: = - @}@ - 0O - (3.96)

3
5k
1772
They are based on counting the electron lines, the photon lines, and the three-vertices of the one-particle irreducible

vacuum diagrams. If the interaction V vanishes, the Egs. (3.94)—(3.96) are solved by the free effective energy of the
first kind (3.10) due to (3.70)—(3.72). For a non-vanishing interaction V' the Egs. (3.94)—(3.96) produce corrections

to (3.10) which we shall denote with ngm). Thus the effective energy of the first kind I'y decomposes according to
ry =1 4 ol (3.97)
In the following we recursively determine Fﬁ"‘” in a graphical way for a vanishing field expectation value, so that we

can neglect the last term in both (3.95) and (3.96). Performing a loopwise expansion of the interaction part of the
effective energy of the first kind

ri =31l (3.98)
=2

we use the following eigenvalue problems for [ > 2:

1 51—,51) o )
(2 s—— = 20-1nry . (3.99)
0)
1 5F1 - )
(2 ~—— = -1y | (3.100)
0
3 0 L = u-nr{ . (3.101)
2 5 ‘L
1 2

-y = 57T O (3.102)
. (3.103)

B 2(1171) . (3.104)
(3.105)

(l—ky —ko—ks—2)

(k1)

Inserting (3.70)—(3.89) for the lower loop contributions to the connected electron and photon two-point function as
well as the one-particle irreducible three-point function in one of the equations (3.102) (3.106), we get the effective

energy of the first kind for [ = 2 loops
2 1
P = -3 @ , (3.107)
for [ = 3 loops
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(3.108)

|
2

|

|
=~ =

+
=~ =

|
DN | =

and for four loops

1 6 6 6

A comparison with the corresponding results for the vacuum energy in (2.102), (2.103), and (2.110) shows that the
effective energy of the first kind contains precisely all one-particle irreducible vacuum diagrams.

2. Graphical Recursion Relation

Each of the three functional differential equations for the effective energy of the first kind (3.91)—(3.93) can be used
to derive a graphical recursion relation which directly generates the one-particle irreducible vacuum diagrams. Here we
restrict ourselves to the functional differential equation (3.91) which is based on counting the number of electron lines
of the one-particle irreducible vacuum diagrams. Inserting (3.22), (3.23), (3.25), (3.41), and (3.49) for the connected
electron and photon two-point function, the electron self-energy, and the one-particle irreducible three-point function,
we obtain from (3.91):

_, 64 o Y ol ol
0 /—l—/S 1—7:—/ Vi23Va — — ¢ 2—— — ASA; —/ \% A5 3.110
H 1 J12 12 55121 123456 12870 551215S451 5D361 see 123 58 55121 3 ( )

If the interaction V vanishes, this is solved by the free effective energy of the first kind (3.9) which has the functional
derivatives

5Fgfree) 1 1 5F(free) 62F(free)
1 D, 4+ - ASAS, 1L _ g, Ol 6.8 3.111
5Dy 2 T 555 2! 5S5less TR (8.111)

For a non-vanishing interaction V', the right-hand side in (3.110) corrects (3.9) by the interaction part of the effective
energy of the first kind ngnt). Inserting the decomposition (3.97) into (3.110) and using (3.111), we obtain together
with the functional chain rule the following functional differential equation for the interaction part of the effective
energy of the first kind F(mt)

5F(int) 5F(mt
512 =/ V123V456524S51D36+2/ V123 V56 D36551 528 S74 ——o—
3512 123456 12345678 dS7s
(1nt) 62F(1nt)
—2/ V123 Vis6S524S51 D37 D -I-/ V123 Vas6D365715998 994557 ————
ssens 123 V56524551 D37 Deg 5D78 S 123 Vas6 D36 571528594 51557855,91
62F(mt) 5F (int)
—2/ V123 V56571528 894551 D33 D
23456789123 LS G 6501 0S750S01 0Da3

5F (int) 5F(1nt 5F(1nt)
—4/ V123 V56551574528 D39 D1 ——— 55 3D —/ V123521A§—/ V123541525 A5 ——— 550 (3.112)
1234567891 78 o1 123 12345

Its graphical representation reads:
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15— F (int) 16— F (int) 16— F(int) 1 52 _ F(int)
2 — 2 1 2 1
<2 S1e2 @ * Giz d1——2 Qz 0 12 + EZ 01——203—~4

s 5_F§int) 1W/»<i 62_ngnt) o 6_ngnt) 1 3 6_ngnt)
012 2”"“‘<2 §3—=—405-—=6 § 12 2:3:4 §3—<4d

1§ F(lnt
— {4+ ~—<  Teuralli (3.113)

Again, we illustrate the graphical recursive solution of (3.113) only for a vanishing field expectation value, so that
we can drop the last two terms. Inserting the loop expansion (3.98) and taking into account the eigenvalue problem

(3.99), we obtain a graphical recursion relation for the expansion coefficients Fgl) of the effective energy of the first
kind for { > 3:

1 R I A | N NOY
v _ 1 _ 1 1L 2 1
1 1—1 G:Q 012 Qz O 12 +2 Z 0120314

-2 k 3 -k k -k
s §—TW 1ty g2 1Y Ly 5—TP 1:3:3 §—rim (3114)
§ 12 2WV<2 03—~—495—=56 12 2 4 §3—<4 ’ ’

It is solved starting from F?) in (3.107). With the line amputations

§—1? 1 51 52 -1 2 "
iz~ O G T o -, G1B)

we obtain from (3.114) the three-loop result 1"53) in (3.108). Performing the amputation of one photon line

I 1 1 1 1
= —= - = - = - 11
H1~n2 2 .@‘ 2 1@2 2 1@2 + 2 1M2 ' (3.116)

one electron line

§—1¥ % 9
= — — — : 3 # 3 s .
61+2 14@*2 ! 2 + 1 2 1 2 (3 117)

and two electron lines

52—F§3) 3 4 4 3 3 4 3 4 3 4
§1—<2683—~—4 1W2 B 1:@2 B 1132 + 1@2 + 1%2
4
4 3
E-( ’ Q"( ’ }ﬁ
2 1
2
<—i:—\‘<*

M M4 , (3.118)

we obtain from (3.114) the four-loop result F§4) in (3.109).
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IV. SUMMARY AND OUTLOOK

We have derived a closed set of Schwinger-Dyson equations in QED by using functional analytic methods developed
in Refs. [8,9]. Their conversion to graphical recursion relations allows us to systematically generate connected and one-
particle irreducible Feynman diagrams for n-point functions. In the subsequent paper [27] we show that corrections
of the electron and the photon propogator as well as the vertex can be iteratively eliminated by introducing higher
Legendre transformations [8,9]. This will lead to graphical recursion relations for all skeleton Feynman diagrams in
QED [18].
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